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ABSTRACT

An interval total t— coloring of a graph G is a total
coloring of G with colors 1,2,...,t such that at least one
vertex or edge of G is colored by color i, i =1,2,...,t,

and the edges incident to each vertex VeV(G) together
with V are colored by d,(V)+1 consecutive colors, where

d, (V) is the degree of the vertex V in G. In this paper

interval total colorings of complete and complete bipartite
graphs are investigated.
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1. INTRODUCTION

All graphs considered in this paper are finite, undirected
and have no loops or multiple edges. Let V(G) and

E(G) denote the sets of vertices and edges of a graph G,
respectively. The degree of a vertex V€ V(G) is denoted by

d, (V), the maximum degree of a vertex of G- by A(G)
and the chromatic number of G -by y(G) . A total coloring

of a graph G is a coloring of its vertices and edges such that
no adjacent vertices, edges, and no incident vertices and edges
obtain the same color. The total chromatic number y"(G) is

the smallest number of colors needed for total coloring of G .
If « is a total coloring of a graph G then a(V) and a(€)

denote the color of a vertex V€ V(G) and the color of an
edge e E(G) in the coloring « , respectively. For a total
coloring @ of a graph G and for any V €V (G) define the
set S[v,a] as follows:
S|v,a] = {a(v)} U {a(e)‘ e is incident to v} .
For two integers a < b the set {a,a+l,...,b} is denoted
by [a,b].

An interval total t— coloring [2,3] of a graph G is a
total coloring of G with colors 1,2,...,t such that at least

one vertex or edge of G is colored by color
i, i=12,...,t, and the edges incident to each vertex

veV(G) together with V are colored by d(Vv)+1

consecutive colors.
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For t >1 let ¥ denote the set of graphs which have an

interval total t— coloring, and assume: ¥ =UZT . For a
t=1

graph G € T the least and the greatest values of 1, for
which G e, are denoted by W (G) and W (G),

respectively.

In this paper interval total colorings of complete and
complete bipartite graphs are investigated.

The terms and concepts that we do not define can be
found in [4,5].

2. MAIN RESULTS

Theorem 1. Forany ne N
1.K e¥,

n, if n is odd,
2' Wr (Kn) =

én, if n is even,
2
3. W (K,)=2n-1.
Proof. Let
V(K,)={v.v,..v,} and E(K,) = {(vI V) 1§i<j£n}.
First of all let us prove that K €& | forany ne N.
For that we define a total coloring « of the graph K in the
following way:
Lfori=12,....,n a(v)=2i-1
2.for i=1,2,...,nand j=1,2,...,Nn, where i # |,
a((m,vl)) =i+j-1
It is easy to see that « is an interval total

(2n—1) —coloring of the graph K . This proves that
K e® and W (K,)>2n-1 for any ne N. On the

other hand, it is not difficult to check that W (Kn) <2n-1

forany ne N . Hence 1 and 3 hold.
Let us prove 2.
Case 1: n is odd.

Since K is a regular graph with »"(K )= n[1,5] then
w (K,)=7"(K,)=n.

Case 2: N is even.

We now show that W_ (Kn) <=n.

N W



Define a total coloring /S of the graph K in the

following way:
. n
lLfori=12,...,—
Or b b 32
Bv) =1
.n
2. fi =—
or | 2+1, ,Nn
n .
B =2+

3.for i=1,2,...,n,j=1,2,...,n, i< ], i+ ] is odd and
i+j-1<n

_n i+l
ﬂ((\/i’vj))_5+ 2 s
4.for i=1,2,...,n, j=12,...,n, i< |, i+ ] is odd and
i+j-1>n

ﬁ((Vi,V,- )) = i+i—1 ;

S.for i=1,2,...,n, j=12,...,n, i< j,i+] is even
and i+ j<n
IS
IB((Vian))—Ty
6.for i=12,...,n, j=12,...,n, i< j,i+] is even

and i+ >n
N
Alluw)) =345
3
Let us show that £ is an interval total 3 n — coloring

of the graph K .
Let v eV(Kn),Where i=12,...,n.

Case 1': i iseven.
From 1-6 we have

s[v.s]=| U {n+i+(2|_1)_1} u
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Case 2': i is odd.

From 1-6 we have

sv.z]=| U {g+i+2|—1}u
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This implies that £ is an interval total 3 n — coloring

n.

| W

of the graph K and, therefore, W. (Kn) <
3

We next prove that W_ (Kn) > Zn.

Suppose, to the contrary, that y is an interval total

W ( Kn) —coloring  of the  graph K,,  where

nSWr(Kn)S%n—l.
Since WT(Kn)Z;(”(Kn) then WT(Kn)2n+1 and,

3
therefore, n+1<W. (Kn) < Enfl.

Consider the vertices V,.V,,...,V,. It is clear that for
i=12,...,n
1 < min S[vi,;/] <W (Kn)— n+1.

Hence {W (Kn)—n+1,...,n} c S[Vi ,7], i=12,...,n

T

Let us show that none of the vertices V,.V,,...V, is

colored by j,j:WT(Kn)—n+1,...,n. Suppose  that

7 (%) = dy» b, e{w,(Kn)—nH,...,n}. It is clear that for
i=12,....ni=i, y(vi);t j,- This implies that any
vertex V,, except Vi , is incident to an edge of color j ,

which is a contradiction. The contradiction shows that
}/(Vi) ¢ {W (Kn)—n+l,...,n} fori=1,2,...,n. Hence

T

y (W) € {Leeaw (K, )=} U{n+Low (K}, i = 1,2,
On the other hand, since )((Kn) =n then

{L...w (Kn)—n}‘ + ‘{n+1,...,wr( Kn)}‘ >n.

T

3
From this we obtain W (Kn) >

5 n, which is a contradiction.

Remark. A more difficult proof of this theorem was found
earlier by P.A. Petrosyan [3].

Theorem 2. Forany ne N
Lif 2n—-1<t<4n-3 then K, €T,

2.if 3n<t<4n-1 then K, €&



Proof. First of all we prove 1. For that we transform an

interval total (4n—3)—coloring a of the graph K

2n-172
constructed in theorem 1, to interval total t — coloring £ of
the same graph.

For every veV(K, ) set:

2n-1
a(v), if 1< (V)<t,
a(V)-2n+l, if t+1<a(V)<4n-3.

) ={

For every ee E(K, ) set:

2n-1
a(e), if I<a(e)<t,
p(e) = .
a(e)-2n+l, if t+1<a(e)<4n-3.
It is not difficult to see that £ is an interval total
t — coloring of the graph K, .

We now prove 2.
Clearly, for the proof 2 it suffices to show that if

3n<t<4n-1 then K2n € 3‘ For that we transform an

interval total 3n—coloring £ of the graph K_ , constructed

2n?
in theorem 1, to interval total t—coloring y of the same
graph.

Define a total coloring y of the graph K _ in the

following way:
l.fori=12,...,2n

BV)Ht=3n), if B(v)+(t-3n)<2i-1,
g (Vi):{ 21, if (V) +H(t=3n)>2i-1;
2.fori=12,..2n-1j=12,....2n-1,i = |,
i+j-1<2(t-3n)+1
) =i+ i1
3.for i=1,2,...,2n, j=1,2,...,2n, i # j,

2(t-3n)+1<i+j-1<2n
B (\/i ,Vv) +(t=3n), ifi+] is even,
7((‘4"’1)): ( J )
ﬂ(("i?"j))’
4.for i=1,2,...,2n, ) =1,2,...,2n, i # |,
n<i+j-1<2n+2(t-3n)+1
y((v) =i+ -1
5.for 1=3,4,...,2n, | =3,4,....2n, i # |,

ifi+] is odd;

i+j-1>2n+2(t-3n)+1
,b’((\/I v ))+(t—3n), ifi+] is even,
7\ )) =
R

It is not difficult to see that y 1is an interval total

ifi+j is odd.

t — coloring of the graph K, .

]
In [3] P.A. Petrosyan proved the following:

Theorem 3. If m+n+2-gcd.(mn)<t<m+n+1,
where g.c.d.(m, n) is the greatest common divisor of M and

n,then K__ €& forany mne N.

Theorem 4. Forany m,ne N

W

T

(K )_ m+n+l1, if m=n=l,
™) | men+2, otherwise.

Proof. Let V(K )=UuUV, where U ={u.u,..u,f,
V ={v.v,..v,| and E(K_ )= {(ui,vj ) lsism,lsjsn}.

Clearly, theorem is true for the case m=n=1.
Assume that m>n and m=1.

We first show that W, (Km’n) >m+n+2.

Define a total coloring A of the graph K _  in the
following way: )
1. A(u)=1 andfor i =2,3,...,m
AU) =n+2+i;
2.for j=1,2,...,Nn
Av) =+
3.for k=1,2,...,n
/’L((u],vk)):k+1;
,mand j=1,2,...,n
Al(uw)) =i+ j+1.

It is easy to see that A is an interval total

4.fori=2,3,...

(m+n+2) - coloring of the graph Kin -
We next show that W. (Km’n) <m+n+2.
Suppose, to the contrary, that g is an interval total

W(Kmyn)—coloring of the graph K _ |

T m,n

where

W (Km’n) >m+n+3. We distinguish the following four
possible cases:

l.there are  edges

u@) =1, (&) =W, (K,,,);

2.there is a vertex wWeV(K_ ) and there is an edge

e€eEK, ) such  that

ec E(K,,) suchthat u(w) =1, u(e) =W, (K,,);
3.there is an edge ee E(K ) and there is a vertex
weV (K, ) suchthat u(e) =1, u(w) =W, (K,,);
4. there are  vertices
uw) =1, u(w) =W, (K,,,).
Case 1: u(®) =1, u(€) =W.(K,,).

w,WeV(K ) such that

Let e=(uv), €=(u.,,), where u,u,eU,
v,Vv, eV . Clearly,

y((ul,vz))snﬂ. This  implies  that V\/,(Km,n):

u=#uU, and Vv #V,. Note that
=u ((u2 ,Vz)) < m+ n+1, which is a contradiction.
Case 2: u(w) =1, u(e) =W, (K, ).

Let e=(uyv). If weU then ,u((w,v))s n+1 and,
thus W (Km_n) = ,u((u,v)) <m+n+1, which is a
contradiction. If weV then ,u((u,w)) <m+1 and, thus

wW (Km’n) =u ((u,v)) < m+n+1, which is a contradiction.

T



Case 3: u(e) =1, u(w) =W (Km,n)'
It is easy to see that a total coloring ¢, where

LyweV(K, ) ow) =W (K,,]+1-aw),

T

2. vee E(K, ) o€ =W (K,,)+1-u@)

T

is also an interval total W (Kmtn)—coloring of the graph

K,,, - For the proof of the case it suffices to note that a

coloring ¢ meets the case 2.
Case 4: u(w) =1, u(wW) =W, (K,,).

If welU, WeV or weV,wWelU then
y((W,W))S n+l (weU,wWeV) or y((vx/,w))s m+1
(weV, W eU ) and, thus V\/I(Km’n)z,u(V\/)S m+n+1,
which is a contradiction.

If w,w eU then y((W,vi))Sn+l, i=1...,n, thus
y((V\/,vi))gm+n+1, i=1,..,n, and W(Km,n)=

T

= u(W) < m+n+2, which is a contradiction.

If ww eV then zo((u,w))<m+1,j=1,...m, thus

y((uj,V\/))Sm+n+1,j:1,...,m, and V\/,(Km,n):
= u(W) < m+n+2, which is a contradiction.

]
Theorem 3 and theorem 4 imply

Corollary. Forany ne N
1. K e,

n,|

2w, (K,,)=n+2,

2n+l, if n=l,
3 W (K,,) = )
: ’ 2n+2, if n>2,

4.if w, (K,,)<t<W (K,,) then K e%.

n
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