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ABSTRACT

Algebras Q) Q, O Q of many-
dimensional recursively enumerable fuzzy sets
(REFS) based on the operations +(sum),
*(product), x(Cartezian product), |; (projection on
xi), Tij (transposition of x; and x;) are introduced as
well as algebras 60, 0, 0,, 05 of many-dimensional
recursively enumerable sets (RES) in the usual

sense based on similar operations Y, M, X, i«[,

YN:/ Arithmetical structures Ny= (N, =, S, +, 0),

Ni=(N,=1<,5,0),Ns=(N,=,5, 0) on the set
N= {0, 1, 2, ...} of natural numbers, where S(x)=
x+1, are considered. It is proved that any REFS is
inductively representable in Q° up to the
equivalence (correspondingly, in €, Q,) if and
only if it is definable in N4 (correspondingly, in Ny,
Ns). It is proved also that any RES is inductively
representable in 6° (correspondingly, in 0, 65) if
and only if it is definable in N, (correspondingly, in
Ni, Ng). Theorems are proved concerning the
inductive representability of REFS in €; and RES
in 63.
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In this report many-dimensional recursively
enumerable fuzzy sets (REFS) as well as many-
dimensional recursively enumerable sets (RES) in
the usual sense are considered. Some theorems are
given concerning the inductive representation of the
sets of mentioned kinds definable in the
arithmetical structures considered below. These
results are actually generalizations of some
theorems given in [9], [11], [12].

Let us recall some definitions connected
with RESes and REFSes ( cf. [6], [9], [11], [12]).n-
dimensional RES is defined as recursively
enumerable set of n-tuples ( x, X2, ..., X,) Where
x,€ N={0, 1, 2,...} for 1 < i < n. The operations
of union U and intersection M of n-dimensional
RESes are defined in an usual way. Cartezian
product A X B of RESes A and B having the
dimensions, correspondingly, n and m, is defined
by the following generating rule (g.r.) : if ( x1, X2,

vy Xn) € Aand (y1, Y2, .., Ym) € B then (x4, X2,

cees Xy Y1y V25 o0y Ym) € AXB. Projection ~L[A on

xj(where 1 < i < n) is defined by the following
gr.  if (X1, X2, .oy Xict, Xiy Xis1, .. Xn) € A then (X,

X25 wevs Xicly Xit1y -ver Xn) € ¢,~A. Transposition 7;; A
of x; and x; in an n-dimensional RES A (where 1 <
i,j < n) is defined by the following g.r. : if (xy, ...,
Xiy oo Xjy ooy Xn) € Athen (X, ..., Xjy oy Xiy oy Xn)

e T, A TheRESes Z,, R, Add, O, J
having the dimensions, correspondingly 1, 2, 3, 2, 2
are defined as follows: Z,= {x |x=0}; R = { (x,

yly=x+1} Add={(x.y,2) |z=x+y}; O=
() x<ylh J={(xy|x#y}

Let us consider some algebras on the set of
all many-dimensional RESes. The notion of algebra
is interpreted as “universal algebra” ( [2], [5], see
also [9], [11], [12]). The algebras 6°, 0;, 0,, 0 are

defined by the list of operations (Y, M, X, i«[ ,
TN;/) and by the following lists of basic elements :
(Z,,R.Add) for 0°; (Z,,R,0 )for 0, ;

(Z,,R.,J)for0,:(Z,,R) for 65 Note, that

these algebras are different from the algebras
having the same notations in [9], [11], [12]. The
relations between the mentioned algebras will be
considered below. We say that an element
belonging to the domain of algebra is inductively
representable in it if this element can be constructed
from the basic elements of the considered algebra
using the operations of the algebra.

Note that in [6] it is proved (see [6] , lemma
1), that every many-dimensional RES can be

obtained from Z, and R using the operations -/,

M, X , xL i T[/ and the operation of transitive

closure. Similar statement is actually proved in [14]
concerning the inductive representation of RESes
consisting of n-tuples of words in a fixed alphabet.
The n-dimensional recursively enumerable
fuzzy set (REFS) is defined as a recursively
enumerable set of (n + 1)-tuples (x;, X, ..., Xn, € ),

where x; € N for 1< i < nande¢ is a binary

rational number ?, such that 0< F < 1. We

consider the following operations on REFSes. The
sum W+U of n-dimensional REFSes W and U is



defined by the following g.r. : if ( xy, Xy, ..., X, € )
€ Wand (xy, x5, ..., X, 0 ) € U, then (xy, X2, ...,
Xy, min(1l, € +8) ) € W+U. The product WU of n-
dimensional REFSes W and U is defined by the
following g.r. : if (X}, Xy, ..., Xy, € ) € W and ( x),
X2y oy X, 0 ) € U, then (X1, X, ..., Xp, € *0) ) €
WeU. The Cartesian product WxU of n-
dimensional REFS W and m-dimensional REFS U
is defined by the following g.r. : if (x|, Xy, ..., X, € )

€ Wand (1, ¥2, -, Ym» 0) € U then (X1, X2, ..., Xn,
V1s V25 -y Ymy € *0) € WxU. The projection »LI.W of

n-dimensional REFS Won x; (where 1 < i< n)
is defined by the following g.r. : if (X, X, ..., Xi.1,
Xiy Xitly ooy Xn, €) € W then (X1, X2, ey Xicly Xit1y «rs
Xn, €) € »L ; W. The transposition T;;W of x; and x;
in W (where 1 < 1, j < n) is defined by the
following g.r. : if (X1, ..., Xiy ooy Xjy ooy Xn, €) € W
then (xl, vees Xjy ooy Xiy veny Xy 8) € TijW. The
REFSes Zy, R, Q, Add, J, H having the dimensions,
correspondingly, 1, 2, 2, 3, 2,1 are defined by the
following g.r. : (x, 0) € Z, foranyx € N; (0, 1)
€ Zp; (x,7,0) € Rforanyx € N,y € N; (x, x
+1, 1) € Rforanyx € N; (x, y, 0) € Q for any x
e N,ye N;(x,y,1) € Qifand onlyifx € N,y
€ N,x<y;(x,9,2,0) € Add foranyx € N,y €
N,z€ N;(x,7, 2, 1) € Addifandonlyifx € N, y
eN,zeNx+y=z(x,Yy,0) € Jforanyx €
N,y € N; (x,y,1) € Jifandonlyifxe N,y € N,

1
X #Y; (x, E) € Hand (x,0) € Hfor anyx € N.

We say that n-dimensional REFSes W and U
are equivalent if for any (n+1)-tuple ( x1, X, ..., Xn,
€) € W, where ¢ > 0, there exists an (n+1)-tuple (
X1, X2, ..., X3, 0 ) € U such that 8 > ¢, and also for
any (n+1)-tuple ( x1, X2, ..., X1, € ) € U, where € >
0, there exists an (n+1)-tuple ( x|, Xy, ..., Xy, 0 ) €
W such that § > ¢.

Such notion of equivalence is considered in [6], [8],
[9],[11], [12]. An n-dimensional REFS W is said to
be m-discrete for some natural m if for any (n+1)-

tuple (x1, X, ..., Xn, € ) € W there exists such k that

k
0<k<2Mande= ? An n-dimensional REFS W

is said to be discrete if it is m-discrete for some m.
For every m-discrete n-dimensional REFS W its g-
level; W[egg], where g is a binary rational number
such that 0< g, <1, is defined as the RES of n-
tuples ( X1, Xy, ..., X,) such that ( x1, X, ..., X, & ) €
W. We shall say in such cases that g is the index of
go-level W [go] in the REFS W.

We consider the algebras Q°, Q;, Q,, Q; on
the set of all REFSes defined by the operations +, e,

X, »Ll. , Tjj and the following lists of basic elements:

(Zo, R, Add, H) for Q°, (Z, R, Q , H) for Q;, (Zo, R,
J, H) for Q,, (Zo,R, H) for ;. Note that these
algebras are different from algebras having the

same notations in [9], [11], [12]. The relations
between the mentioned algebras will be considered
below.

Note that in [6] it is proved that any REFS
can be constructed from Z,, R, H up to the
equivalence using the operations +, ¢, X, { ;> Tjand
the operations of additive-transitive closure and
multiplicative-transitive closure.

The notion of predicate formula is defined as
in [1] and [4] (see also [9], [11], [12]). Signature is
defined as any set of predicate symbols, functional
symbols and symbols of constants. The notion of
structure in a given signature is defined as in [1],
namely, a structure in a given signature X is a
system consisting of some non-empty set M (the
universe of the structure) and an assignment which
assigns to each n-dimensional predicate symbol
(correspondingly, n-dimensional functional symbol)
belonging to X an n-dimensional predicate
(correspondingly n-dimensional function) on M and
assigns to each symbol of constant belonging to
an element of the universe M. The notion of truth of
a given predicate formula F in a signature £
concerning a structure T in X for given values of the
free variables X, X, ..., X, in F is defined in a
natural way (see [1]). Let us consider (cf.[1]) the
following structures on the set N={0, 1, 2, ...}
where S is the function S(x)=x+1 and the notations
=, <, +, 0 are interpreted in a natural way :

(1) Ny is the structure (N, =, S, +, 0).
(2) Ny is the structure (N, =, <, S, 0).
(3) Ngis the structure (N, =, S, 0).

Note, that these structures are considered in
[1]. The structure Ny is described by the system of
formal arithmetic introduced by M. Presburger (see
[13]).

We say that an n-dimensional RES A is
expressed by the formula F in the signature of a
structure T on the set N if for any values k;€ N,
k,e N, ..., k,e N of free variables xy, X, ..., X, in F
the following condition holds: the formula F is true
concerning T for x,=kj, x,=k,, ..., X, =k, if and
only if (k;, ko, ..., k,) € A. We say that n-
dimensional RES A is definable in a structure T if
there exists a formula F in the signature of T such
that A is expressed by F. We say that an n-
dimensional REFS W is definable in a structure T if
it is discrete and all its gy-levels W [gy] are RESes
definable in T.

A formula F in the signature of the structure
N is said to be positive if it contains no other
logical symbols except 3, &, V, — (so, it does not
contain V', D, ~), and all the negation symbols in
F relate only to the elementary subformulas (t =s)
containing no more than one variable (cf. [12]).

Theorem I. A many-dimensional RES is
inductively representable in the algebra 6°
(correspondingly, in the algebra 0, or in the
algebraf,) if and only if it is definable in the
structure N, (correspondingly, in the structure N
or in the structure Ng).
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Theorem 2. A many-dimensional RES is
inductively representable in the algebra 0 if and
only if it can be expressed by a positive formula in
the structure N.

Theorem 3. A many-dimensional REFS W is
inductively representable in the algebra Q° up to the
equivalence (correspondingly, in the algebra €, or
in the algebra ,) if and only if it is definable in the
structure N, (correspondingly, in the structure N
or in the structure Ng).

Theorem 4. If a many-dimensional REFS is
inductively representable in the algebra €; then it is
discrete and all its gj-levels can be expressed by
positive formulas in the structure Ns.

The question whether the statement inverse
to the Theorem 4 is true or not, remains open.

Corollary. A RES is inductively
representable in the algebra denoted by 6° in [9] and
[11] (correspondingly, 6, 05, 8 in [12]) if and only
if it is two-dimensional and is inductively
representable in the algebra denoted by the same
notation in this report. A RFES is inductively
representable in the algebra denoted by Q° in [9]
and [11] (correspondingly, €, Q, in [12]) if and
only if it is two-dimensional and is inductively
represented in the algebra denoted by the same
notation in this report.

An analogous question concerning €3
remains open.

ACKNOWLEDGEMENT

The author is grateful to Professor P.
Cegielski for setting the problem and for valuable
notes and councels.

REFERENCES

H. Enderton, “A Mathematical Introduction to
Logic”, 2" ed., San Diego, Harcourt, Academic
Press, 2001.

G. Graetzer, “Universal Algebra”, 2M ed., New
York - Heidelberg - Berlin, 1979.

D. Hilbert and P. Bernays, “Grundlagen der
Mathematik, Band1”, Zweite Auflage, Berlin -
Heidelberg - New York, Spinger-Verlag, 1968.
Russian translation: 1. T'mne6eprt, I1. bephaiic,
“OcHOBaHMS MaTeMaTUKH (JIOTHYECKUE
WCYHCIICHUS 1 popMann3anys apupMeTuku)”,
[Tepeson H. M. Haropuoro nox pen. C. U. Ansina,
M., “Hayxka”, 1979.

S. C. Kleene, “Introduction to
Metamathematics”, D.van Nostrand Comp., Inc.,
New York - Toronto, 1952.

A. U. Marbres, “AnreOpandecKue CHCTEMBI”,
M., “Hayxka”, 1970.

C. H. ManyksH, “O cTpyKType peKypCHUBHO
MIEPEYUCITUMbBIX HEYETKUX MHOXKECTB”, Tpybl
Wuceruryra npobieM MHGOPMATHKH U
aproMatuzaiu HAH PA u EpI'Y,

“MaTeMaTHYeCKHe BOIIPOCHI KHOCPHETHKH U
BBIUMCIIMTEIBHOM TeXHuKN, T. 17, ¢. 86-91, 1997.

[7].  S.N. Manukian, “On some properties of
recursively enumerable fuzzy sets”, in: Proceedings
of the Conference “Computer Science and
Information Technologies”, CSIT-99 (August
1999), Yerevan, Armenia, pp 5-6, 1999.

[8].  S.N. Manukian, “On binary recursively
enumerable fuzzy sets”, in: International
Conference “21% Days of Weak Arithmetics”, St.
Petersburg, Russia, June 2002, Abstracts, St.
Petersburg, pp. 13-15 (2002), URL:
http://at.yorku.ca/cgi-bin/amca/cail-01.

[9]. C. H. ManyksH, “Hekoropsie anreOpsl
PEKYPCUBHO MEPEUNUCTUMBIX MHOXECTB U MX
MPUIOKEHUS K HEYETKOM JIOTHKE”, 3aIUCKU
Hay4HbIX cemuHapoB IIOMU, 1. 304, “Teopus
cnoxuocty Beraucienuit VI, Caukr-IleTepOypr,
¢.75-98, 2003.

[10]. Seda Manukian, “On some relations between
arithmetical systems and algebras of recursively
enumerable sets”, in: International Conference “23™
Days of Weak Arithmetics”, Yerevan, Armenia,
June 2004, Abstracts, Yerevan, pp.9-10 (2004).

[11]. Manukian S. N, “Algebras of Recursively
Enumerable Sets and Their Applications to Fuzzy
Logic”, Journal of Mathematical Sciences, Vol.
130, Ne 2, pp.4598-4606, 2005.

[12]. Manukian S. N, “On the Representation of
Recursively Enumerable Sets in Weak
Arithmetics”, Transactions of the Institute for
Informatics and Automation Problems of ANAS,
“Mathematical Problems of Computer Science”,
vol. 27, pp.90-110, 2006.

[13]. R. Stansifer, “Presburger’s Article on Integer
Arithmetic: Remarks and Translation”, Department
of Computer Science, Cornell University, Ithaca,
New York, 1984.

[14]. T. C. Leittun, “OnuH crmocod W3I0KCHUS
TEOpUH aaropu(h)MOB U MIEPEUUCTUMBIX MHOKECTB”,
Tpynst MUAH CCCP, 1.72, c. 69-98, 1964.




