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ABSTRACT 

A logical system is described based on a 
symmetry between positive and negative characteristics 
of situations; such a symmetry is introduced in the 
concepts of fuzzy logic. Besides, the developed logical 
theory is treated from the point of view of the 
constructive (intuitionistic) approach. The notions of 
strong and weak validity of predicate formulas 
concerning the introduced logic are defined (i.e. so-called 
“strong and weak SFCL*-validity” of predicate 
formulas). The following theorems are formulated: (1) 
any formula deducible in symmetric constructive 
predicate calculus HSU′ is strongly SFCL*-valid; (2) 
some formulas having the form (A (A B)) 
 (A B), (A&A), (A& x B(x))  x(A&B(x)) 
are not weakly(also not strongly) SFCL*-valid. 
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In this report the system of Extended symmetric 

fuzzy constructive logic (shortly, SFCL*) is described. 
This logic is based on introducing a symmetry between 
positive and negative logical characteristics of situations 
in the concepts of fuzzy logic ([19], [29]). Besides, this 
logic will be considered from the point of view of the 
constructive (intuitionistic) approach ([6], [12], [13], 
[14], [16], [17], [20], [22]). The mentioned idea of the 
symmetry between positive and negative logical 
characteristics may be clarified as follows. 
Sometimes(for example, in the investigations of 
possibilities of artificial intelligence or expert systems) it 
is necessary to distinguish two kinds of situations: from 
one side, the situations when we know nothing about the 
presence of some property p of considered objects, and, 
from another side, the situations when we know surely 
that the property p does not take place. For example, 
establishing medical diagnoses, it is natural to 
distinguish: (1) the cases when it is quite unknown, 
whether some illness is present or not in a diagnosis; (2) 
the cases when it is known surely that the mentioned 
illness is not present there. Such a logical approach can 
be formalized, for example, as a logical system using the 
logical values p satisfying the condition  -1 p 1. The 
logical value 1 is interpreted in the framework of the 
mentioned approach as “the considered property is 
present”; the logical value 0 is interpreted as “we do not 
know, whether the considered property is present or not”; 
the logical value -1 is interpreted as “we know surely that 
the considered property is not present”. The intermediate 
logical values describe situations when we know 
something about the presence or absence of the 
considered property. An n-dimensional symmetric fuzzy 
predicate p(x1,x2,...,xn) on a non-empty set M can be 
defined as a function giving a logical value belonging to 
[-1,1] for any n-tuple (x1,x2,...,xn), where xiM, 
1 i n. The logical theory of such predicates can be 

developed, of course, in the framework of the classical 
set-theoretical approach; however we shall develop 
similar theory from the points of view of the constructive 
(intuitionistic) mathematics. 

Let us note that there is a standard method for 
the representation of symmetric fuzzy predicates by fuzzy 
predicates in the traditional sense of fuzzy logic. Namely, 
for any symmetric fuzzy predicate p(x1, x2,...,xn) on M we 
can define its positive component p+(x1,x2,...,xn) and 
negative component p- (x1, x2,...,xn) as follows: 

p+(x1, x2,...,xn) = max(0, p(x1, x2,...,xn)); 
p- (x1, x2,...,xn) = max(0, - p(x1, x2,...,xn)). 
Clearly, p+ and p- are fuzzy predicates in the 

traditional sense of fuzzy logic. They are disjoint, i.e. 
p+(x1,x2,...,xn) • p-(x1,x2,...,xn) = 0 for any n-tuple (x1, 
x2,...,xn), where xiM, 1 i n. If we have two disjoint 
fuzzy predicates q(x1, x2,...,xn) and r(x1, x2,...,xn) on M in 
the traditional sense of fuzzy logic, then it is easy to see 
that there exists a symmetric fuzzy predicate p such that 

p+(x1,x2,...,xn) = q(x1,x2,...,xn); 
p- (x1, x2,...,xn) = r(x1 ,x2,...,xn), 

for any n-tuple (x1,x2,...,xn), where xiM, 1 i n. This 
predicate p is defined uniquely by q and r. So we may 
consider symmetric fuzzy predicates as pairs of disjoint 
fuzzy predicates in the sense of fuzzy logic. Similar idea 
is used when the logical system SFCL* described below 
is introduced on the base of the “Extended fuzzy 
constructive logic” (FCL*) described in [5]. 

Let us recall some definitions. We suppose that 
the reader is familiar with the theory of recursive 
functions ([7], [21], [23]) and with the concepts of the 
classical and constructive (intuistionistic) predicate logic 
([18], [21], [28]). 

For any n 1 the n-dimensional recursively 
enumerable fuzzy set (REFS) is defined as a recursively 
enumerable set of (n+1)-tuples (x1, x2,...,xn, ε), where all 
xi are non-negative integers and ε is a binary rational 

number m
k

2
, such that 0 m

k
2

 1 (cf. [1], [4], [5], 

[8]-[11], [24]-[27]). The n-dimensional REFS w is said to 
be open if the following conditions hold: (1) if ε =0 then 
(x1,x2,...,xn, ε)w; (2) if (x1,x2,...,xn, ε)w, and 0 δ<ε, 
then (x1,x2,...,xn, δ)w; (3) for any (n+1)-tuple 
(x1,x2,...,xn, ε)w, where ε > 0,there exists such δ>ε, that 
(x1,x2,...,xn, δ)w (cf. [4], [5]). We shall consider below, 
as a rule, only open RFESes; some exceptions will be 
noted apart. 

The notion of pseudonumber is defined as in 
[6]. The Gödel numbering of pseudonumbers is defined 
similarly to the Gödel numbering of the constructive real 
numbers ([6], [17]). Specker’s number ([6]) is a 
pseudonumber defined by a non-decreasing constructive 
sequence of binary rational numbers. The Specker’s 
representation of an n-dimensional REFS w (not 
obligatory open) is defined as a general recursive 
function of n variables satisfying the following 
conditions: if for some n-tuple (x1,x2,...,xn) of non-



negative integers there exists no such ε that (x1,x2,...,xn, 
ε)w then this general recursive function gives for this 
(x1,x2,...,xn) a Gödel number of a Specker’s number which 
is equal to 0; in the opposite case it gives a Gödel number 
of a Specker’s number Ψw (x1,x2,...,xn) which is the 
supremum of binary rational ε such that (x1,x2,...,xn, 
ε)w. The Specker’s standard function is defined as a 
general recursive function satisfying the following 
conditions: for any n-tuple (x1,x2,...,xn) of non-negative 
integers it gives a Gödel number of a Specker’s number 
Ψ(x1,x2,...,xn) such that 0Ψ(x1,x2,...,xn)  1. It is easy to 
see that for any Specker’s standard function Ψ(x1,x2,...,xn) 
there exists an n-dimensional open REFS w such that 

Ψw(x1,x2,...,xn) = Ψ(x1,x2,...,xn) 
for any n-tuple (x1,x2,...,xn) of non-negative integers. It is 
easy to verify that there is a constructive one-to one 
correspondence between the Specker’s standard n-
dimensional functions and n-dimensional open REFSes. 

We say that an n-dimensional REFS w covers 
an n-dimensional REFS u and write uw if for any 
x1,x2,...,xn 

Ψu(x1,x2,...,xn)   Ψw(x1,x2,...,xn). 
We say that n-dimensional REFSes w and u are 

equivalent and write w=u, if w covers u, and u covers w. 
This notion of equivalence is used in [4], [5], [24]; it is 
different from the notion of equivalence used in [10], 
[11], [25]-[27]. It is easy to check that the mentioned two 
notions of equivalence coincide for open REFSes. It is 
easy to see also that the relations “ w covers u”, “w is 
equivalent to u” coincide for open REFSes with the 
relations   and = interpreted from the usual set-
theoretical points of view. 

The operations of union   and intersection 
  of n-dimensional REFSes are defined in an usual 
way; it is easy to see, that  

Ψw u(x1,x2,...,xn) = min(Ψw(x1,x2,...,xn), 
Ψu(x1,x2,...,xn)), 

Ψw u(x1,x2,...,xn) = max(Ψw(x1,x2,...,xn), 
Ψu(x1,x2,...,xn)) 
for any open n-dimensional REFSes w and u, and for any 
x1,x2,...,xn. 

The operation of Cartesian product wu of 

REFSes w and u, the operation or projection n
i (w) of 

an n-dimensional REFS w on i-th coordinate (where 

1 i n), the operation of transposition T n
ij (w) of i-th 

and j-th coordinates in an n-dimensional REFS w (where 
1 i,j n) are defined as in [27] (cf. also [4], [5], [10], 

[11], [26]). The operation of generalization n
i (w) of an 

n-dimensional REFS w on i-th coordinate (where 
1 i n) is defined as the operation of constructing an n-
dimensional open REFS y such that for any n-tuple (x1, 
x2,...,xn) of non-negative integers 

Ψy(x1,x2,...,xi-1,xi,xi+1,...,xn) = Ψu(x1,x2,...,xi-

1,xi+1,...,xn), 

where u = n
i (w) (cf. [4], [5]). The operation of 

substitution Sub n
ij (w) of the variable xj for the variable xi 

in an n-dimensional REFS w (where 1 i,j n) is 
defined as the operation of constructing an n-dimensional 
open REFS y such that for any n-tuple (x1,x2,...,xn) of 
non-negative integers 

Ψy(x1,x2,...,xi-1,xi,xi+1,...,xj-1,xj,xj+1,...,xn) = 
Ψw(x1,x2,...,xi-1,xj,xi+1,...,xj-1,xj,xj+1,...,xn), 
(cf. [4], [5]). 

An n-dimensional REFS Vn (correspondingly, 
Λn) is defined as an open n-dimensional REFS, 
containing all the (n+1)-tuples (x1,x2,...,xn, ε), such that 
0 ε<1 (correspondingly, containing only such (n+1)-
tuples (x1,x2,...,xn, ε), where ε = 0). 

The n-dimensional REFS-ideal is defined as a 
non-empty set Δ of n-dimensional open REFSes such that 
the following conditions hold: 

1) if wΔ, and uw, then uΔ; 
2) if wΔ, and uΔ, then w uΔ 

(cf. [5]). 
An n-dimensional REFS-ideal is said to be 

principal ideal, if there exists an n-dimensional open 
REFS w0 such that wΔ if and only if ww0 (cf. [5]). 

An n-dimensional REFS-ideal Δ is said to be 
complete if all n-dimensional open REFSes belong to Δ. 
Clearly, Δ is complete if and only if VnΔ (cf. [5]). 

An n-dimensional REFS-ideal Δ is said to be 
null-ideal (or null-REFS-ideal) if wΔ only for w = Λn 
(cf. [5]). 

Let Δ be a non-empty set of n-dimensional 
open REFSes. The n-dimensional REFS-ideal Δ' 
generated by the set Δ is defined as the set Δ' satisfying 
the following condition: wΔ' if and only if there exists 
a k-tuple of n-dimensional open REFSes (u1,u2,...,uk) 
such that uiΔ, 1 i k, and w  u1  u2 ...  
uk. It is easy to see that the set Δ' defined by such a way is 
a REFS-ideal (cf. [5]). 

Two n-dimensional REFS-ideals Δ1 and Δ2 are 
said to be disjoint if w1 w2= Λn for any w1Δ1 and 
w2Δ2. 

The n-dimensional SREFS-ideal Δ=(Δ+,Δ-) is 
defined as any pair of disjoint n-dimensional REFS-ideals 
Δ+  and Δ-. The components Δ+ and Δ- are said to be 
positive component Δ+ and negative component Δ- of the 
SREFS-ideal Δ = (Δ+,Δ-). 

An n-dimensional SREFS-ideal Δ=(Δ+,Δ-) is 
said to be principal if  Δ+ and Δ- are principal REFS-
ideals. 

An n-dimensional SREFS-ideal Δ=(Δ+,Δ-) is 
said to be complete if Δ+ is a complete REFS-ideal, and 
Δ- is a null-REFS-ideal. 

Let Δ1 and Δ2 be non-empty sets of n-
dimensional open REFSes such that w u = Λn for any 
wΔ1 and uΔ2. The n-dimensional SREFS-ideal 
Δ=(Δ+,Δ-) generated by the pair of sets (Δ1,Δ2) is defined 
as the pair of sets (Δ+,Δ-) satisfying the following 
conditions: Δ+ is the REFS-ideal generated by Δ1, and Δ- 
is the REFS-ideal generated by Δ2. It is easy to see that 
the pair of sets (Δ+,Δ-) defined by such a way is a 
SREFS-ideal. 

We consider the language of predicate formulas 
which are constructed by the logical operations &,  , 
 , ¬,  , , and do not contain functional symbols and 
symbols of constants. We suppose that this language 
contains an infinite (enumerable) set of n-dimensional 
predicate symbols for any n 1. The symbol T of truth, 
the symbol F of falsity, and the symbol U of uncertainty 
are included in the set of elementary formulas. All the 
definitions connected with the predicate formulas are 
given in the natural way ([18], [21]). 

We suppose (as in [4], [5]) that a sequence 
x1,x2,... containing all variables of the considered 
language is fixed. For any formula A its index majorant is 



defined as any positive integer k such that km for any 
index m of a variable xm (free or not free) occurring in A. 

Let A be a predicate formula which contains 
only predicate symbols p1,p2,...,pl having the dimensions, 
correspondingly, i1,i2,...,il. 

A SFCL*-assignment for A is defined as a 
correspondence assigning to any pk, where 1 k l, 
some ik-dimensional SREFS-ideal. 

A SFCL*-assignment is said to be principal if 
all the SREFS-ideals assigned to p1,p2,...,pl are principal. 

Let us define SFCL*-interpretation Πφ,k(A) of a 
given formula A concerning a SFCL*-assignment φ for A 
and an index majorant k of A. For any A, φ, k the 
SFCL*-interpretation Πφ,k(A) is defined as some k-
dimensional SREFS-ideal; its positive and negative 

component will be denoted as, correspondingly, Π 
k, (A) 

and Π 
k, (A). The definition of Πφ,k(A) is given by 

induction on the construction of A. Let A be an 
elementary formula having the form pr(ξ1,ξ2,...,ξt), where 
ξ1,ξ2,...,ξt are variables xj with the indices j1,j2,...,jt. Let Δ 
be a t-dimensional SFRES-ideal assigned to pr in φ. The 
SFCL*-interpretation Πφ,k(A) is constructed as follows. 
By Δ'+ and Δ'- we denote k-dimensional FRES-ideals 
generated by all REFSes having the form wVk-t, where, 
correspondingly, wΔ+ or wΔ-. Clearly, Δ'+ and Δ'- 
are disjoint, so they can be considered as components of 
an SREFS-ideal Δ'. On the base of Δ'+ and Δ'- we 
construct now REFS-ideals Δ''+ and Δ''- generated by all 
REFSes, correspondingly, w1 and w2 which are obtained 
from REFSes y1Δ'+ and y2Δ'- by a sequence of 

operations T k
ij  and Sub k

ij (the same for all y1Δ'+ and 

y2Δ'-) displacing the variables x1,x2,...,xt to the 
positions corresponding to the indices j1,j2,...,jt (the 
existence of such sequence of operations is easy to see). 

Clearly, Δ''+ and Δ''- are disjoint; we define Π 
k, (A) and 

Π 
k, (A) as, correspondingly, Δ''+ and Δ''-. For the 

elementary formulas T, F, and U we define Π 
k, (T) and 

Π 
k, (F) as complete k-dimensional REFS-ideals; 

Π 
k, (T), Π 

k, (F), Π 
k, (U) and Π 

k, (U) are defined as 

k-dimensional null-REFS-ideals. For non-elementary 
formulas the SREFS-ideals Πφ,k(A) are defined in the 
following way. 

(1) Π 
k, (A&B) is the set of all open REFSes 

having the form w u, where 

wΠ 
k, (A), uΠ 

k, (B); Π 
k, (A&B) 

is the set of all open REFSes having the 

form w u, where wΠ 
k, (A), u  

Π 
k, (B). 

(2) Π 
k, (A B) is the set of all open REFSes 

having the form w u, where 

wΠ 
k, (A), uΠ 

k, (B); Π 
k, (A B) 

is the set of all open REFSes having the 

form w u, where wΠ 
k, (A), 

uΠ 
k, (B). 

(3) Π 
k, (¬A) is Π 

k, (A); Π 
k, (¬A) is 

Π 
k, (A); 

(4) Π 
k, (A B) is the set of all k-

dimensional open REFSes w satisfying the 

following conditions: w uΠ 
k, (B) 

for any uΠ 
k, (A), and 

w uΠ 
k, (A) for any uΠ 

k, (B). 

(5) Π 
k, (A B) is the set of all open 

REFSes having the form w u, where 

wΠ 
k, (A), uΠ 

k, (B). 

(6) Π 
k, ( ix (A)) is the set of all k-

dimensional open REFSes w satisfying the 
following condition: there exists an open 

k-dimensional REFS uΠ 
k, (A) such 

that w n
i (u); Π 

k, ( ix (A)) is the set 

of all k-dimensional open REFSes w such 

that k
i (w)  Π 

k, (A). 

(7) Π 
k, ( ix (A)) is the set of all k-

dimensional open REFSes w such that 
k
i (w)  Π 

k, (A); Π 
k, ( ix (A)) is 

the set of all k-dimensional open REFSes 
w satisfying the following condition: there 
exists an open k-dimensional REFS 

uΠ 
k, (A) such that w n

i (u). 

It is easy to verify that in all cases the REFS-

ideals Π 
k, (A) and Π 

k, (A) described in the definitions 

given above, are disjoint REFS-ideals. So they form a 
SREFS-ideal Πφ,k(A). 

We say that a predicate formula A is strongly 
SFCL*-valid (correspondingly, weakly SFCL*-valid) if 
there exists such k0, that for every SFCL*-assignment φ 
(correspondingly, for every principal SFCL*-assignment 
φ) and for k k0 the interpretation Πφ,k(A) is complete. 
This notion actually defines the considered semantic of 
SFCL*. 

The symmetric constructive predicate calculus 
HSU is defined as in [3]. The calculus HSU' is obtained 
from HSU by excluding the functional symbols and the 
symbols of constants from the language of HSU (the 
logical constants T, F, U remain in the language). The 
form of axioms and of rules of inference for HSU' is the 
same as for HSU. 

Theorem 1. Every predicate formula deducible 
in HSU' is strongly SFCL*-valid. 

Theorem 2. The formulas (p(x1) ( 
p(x1) q(x1))) ( p(x1) q(x1)), ¬(p(x1)&¬p(x1)), 
(p(x1)& x2(q(x1,x2)))  x2(p(x1)&q(x1,x2)) are not 
weakly SFCL*-valid. 

Let us note that the formulas mentioned in the 
formulation of Theorem 2 are not deducible in HSU'. 

 
REFERENCES 

[1]. И.Д. Заславский, “О конструктивной 
истинности суждений и некоторых 



нетрадиционных системах 
конструктивной логики”, - в кн.: Труды 
ВЦ АН Арм. ССР и ЕГУ, 
“Математические вопросы кибернетики 
и вычислительной техники”, т.8, с. 99-
153, 1975. 

[2]. И.Д. Заславский, “Симметрическая 
конструктивная логика”, - Изд-во АН 
Арм. ССР, 1978. 

[3]. И.Д. Заславский, “Формальные 
аксиоматические теории на основе 
трехзначной логики”, - в кн.: Записки 
научных семинаров ПОМИ, “Теория 
сложности вычислений VIII”, т. 304, с. 
19-74, 2003. 

[4]. И.Д. Заславский, “Нечеткая 
конструктивная логика”, в кн.: Записки 
научных семинаров ПОМИ, 
“Исследования по конструктивной 
математике и математической логике 
XI”, т. 358, с. 130-152, 2008. 

[5]. И.Д. Заславский, “Расширенная 
нечеткая конструктивная логика”, To 
appear in “Записки научных семинаров 
ПОМИ”. 

[6]. Б.А. Кушнер, “Лекции по 
конструктивному математическому 
анализу”, М., “Наука”, 1973. 

[7]. А.И. Мальцев, “Алгоритмы и 
рекурсивные функции”, 2-е изд., М., 
“Наука”, 1986. 

[8]. С.Н. Манукян, “О перечислимых 
предикатах и секвенциальных 
исчислениях нечеткой логики”, - в кн.: 
9-я Всесоюзная конференция по 
математической логике. Тезисы 
докладов, с. 100, Ленинград, 1988. 

[9]. С.Н. Манукян, “О представлении 
нечетких рекурсивно перечислимых 
множеств”, - в. кн.: 11-я 
Межреспубликанская конференция по 
математической логике. Тезисы 
докладов, с. 94, Казань, 1992. 

[10]. С.Н. Манукян, “О структуре нечетких 
рекурсивно перечислимых множеств”, - 
в кн.: Труды института проблем 
информатики и автоматизации, 
“Математические вопросы кибернетики 
и вычислительной техники”, т. 17, с. 86-
91, 1997. 

[11]. С.Н. Манукян, “Некоторые алгебры 
рекурсивно перечислимых множеств и 
их приложения к нечеткой логике”, - в 
кн.: Записки научных семинаров 
ПОМИ, “Теория сложности 
вычислений VIII”, т. 304, с. 75-98, 2003. 

[12]. А.А. Марков, “Конструктивная логика”, 
- Успехи матем. наук, т. 5, № 3(37), с. 
187-188, 1950. 

[13]. А.А. Марков, “О констуктивной 
математике”, - Труды МИАН СССР, т. 
67, с. 8-14, 1962. 

[14]. А.А. Марков, “О логике 
конструктивной математики”, - М., 
“Знание”, 1972. 

[15]. Г.С. Цейтин, “Один способ изложения 
теории алгорифмов и перечислимых 
множеств”, - Труды МИАН СССР, т. 72, 
с. 69-98, 1964. 

[16]. Н.А. Шанин, “О конструктивном 
понимании математических суждений”, 
- Труды МИАН СССР, т. 52, с. 266-311, 
1958. 

[17]. Н.А. Шанин, “Конструктивные 
вещественные числа и конструктивные 
функциональные пространства”, - 
Труды МИАН СССР, т. 67, с. 15-294, 
1962. 

[18]. H.B. Enderton, “A Mathematical 
Introduction to Logic”, - 2nd edition, San 
Diego Harcourt, Academic Press, 2001. 

[19]. P. Hajek, “Metamathematics of Fuzzy 
Logic”, Kluwer, 1998. 

[20]. A. Heyting, “Intuitionizm (An 
Introduction)”, North-Hall. Publ. Comp., 
Amsterdam, 1956. Русский перевод: 
А.Гейтинг, “Интуиционизм 
(Введение)”, М., “Мир”, 1965. 

[21]. S.C. Kleene, “Introduction to 
Metamathematics”, D. van Nostrand 
Comp., Inc, New York-Toronto, 1952. 
Русский перевод: С.К.Клини, “Введение 
в метаматематику”, М., ИИЛ, 1957. 

[22]. S.C. Kleene, R.E.Vesley, “The 
Foundations of Intuitionistic Mathematics 
especially in relation to recursive 
functions”, North-Hall.Publ. Comp., 
Amsterdam, 1965. Русский перевод: 
С.Клини, Р.Весли, “Основания 
интуиционистской математики с точки 
зрения теории рекурсивных функций”, - 
М., “Наука”, 1978. 

[23]. H.R. Lewis, C.H. Papadimitriou, 
“Elements of the Theory of Computation”, 
- Prentice-Hall, Upper Saddle River, New 
Jersey, 1998. 

[24]. S.N. Manukian, “On some properties of 
recursively enumerable fuzzy sets” - In: - 
Proceedings of the Conference “Computer 
Science and Information Technologies”, 
CSIT-99, (August 1999), Yerevan, 
Armenia, pp. 5-6, 1999. 

[25]. S.N. Manukian, “Algorithmic operators on 
recursively enumerable fuzzy sets”, - In: 
Proceedings of the Conference “Computer 
Science and Information Technologies”, 
CSIT-01 (September 2001), Yerevan, 
Armenia, pp. 125-126, 2001. 

[26]. S.N. Manukian, “Algebras of Recursively 
Enumerable Sets and their Applikations to 
Fuzzy Logic”, - Journ. of Mathem. 
Sciences, vol. 130, № 2, pp. 4598-4606, 
2005. 

[27]. S.N. Manukian, “On the inductive 
representation of many-dimensional 
recursively enumerable sets definable in 
some arithmetical structures”, This volume 
of Proceedings, pp. 

[28]. E. Mendelson, “Introduction to 
Mathematical Logic”, D. van Nostrand 
Comp., Inc., Princeton-Toronto-New 
York-London (1963). Русский перевод: 
Э.Мендельсон. Введение в 
математическую логику. М., “Наука”, 
1971. 

[29]. V. Novak, “Fuzzy sets and their 
applications”, Adam Hilger, Bristol, 1989. 


