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ABSTRACT

The multiterminal hypothesis testing for arbitrarily varying
sources (AVS) is considered. This is an extension of Han’s
[1] and Ahlswede-Csiszar [2] schemes for a more general class
of sources. In part, the solutions can be easily specialized
for earlier known particular cases.
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1. INTRODUCTION

The history of hypothesis testing (HT) with communica-
tion constraints goes back to Ahlswede and Csiszér [2]. The
problem of HT for AVS’s was solved by Fu and Shen [3]. In
that paper they generalized Stein’s lemma, and later inves-
tigated exponential-type constraints in HT for that source
model in [4]. The latter study had implications for AVS
coding problem, with further advancement in [5]. AVS’s are
studied also in [6] in terms of logarithmically asymptotically
optimal testing.

HT problem with multiterminal data compression was con-
sidered by Han [1] as an extension of Ahlswede and Csiszar
[2] setting.

In our turn, instead of correlated discrete memoryless source
(DMS) studied in [1] we treat the arbitrarily varying corre-
lated one to generalize the solutions for HT under the mul-
titerminal data compression.

2. DEFINITIONS

Let X,Y and S be finite sets. X and ) stand for alphabets
of sources, which are correlated with a law defined by corre-
lation state s € S, the latter being the alphabet for states.
Let P(X) and P(Y) be the set of probability distributions
(PDs) on X and )Y, respectively, and P(X x V) be the set
of joint PDs on X x ).

An arbitrarily varying correlated source (AVCS) {X,Y,S}
is defined by the family of distributions on P(X X)) subject
to correlation states s € S:

nyé{WS,X}/, sES}CPX XY (1)
where
Ws. xvy = {Wxy (z,yls), x,y€ X}

The corresponding marginal ones are

WS,X é {WX($|5)7 HAIS X}
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N
Wey ={Wy(yls), y € V}.
They are grouped into the families

WX é {WS,X7 s € 8}7

Wy £ {W.y, seS}
Logically, Wx and Wy make AVS’s.

The joint probability WS]YXY of pair (x,y), x 2 (z1,-+-,zN)
e &Ny 2 (y1,-+ ,yn) € YV, emitted from the AVCS

stayed at sequential states s = (s1,--+,8Nn) € SY is mea-
sured by

N
JAN
Wy (x,¥) 2 [[ Wxv (@n,ynlsn), seS¥.  (2)

n=1

The code consists of the encodings fi : XY — L} (C AY),
fo: YN — £3(C YY) and decoding g1 : Ly — XV, go -
L% — YV mappings, where |L5|(||fi]]), | = 1,2, are the
volumes of the codes.

Suppose that the statistician observes AVCS indirectly, via
encoding functions of rate R;, | = 1,2, that is instead of
sample x only fi(x) is available and instead of sample y is
f2(y) available, where

oAl < R

Testifying the compressed data within the binary HT scheme
with communication constraints for unknown AVCS W, in
favor of one of two hypotheses

Ho : W= WXY (3)

Hy: W= Gxy (4)

should be made a decision, where Gxy is another set of
distributions family defined similarly to (1).

A test o by the statistician is a partition of X” into two
disjoint subsets A and A°. If x € A then the test adopts
the hypothesis Hy, otherwise the alternative Hi. So the test
" and the sets (A, .A°) are equivalent concepts.

In decision making in favor of one of two alternatives the
following errors may occur: the hypothesis H; is adopted,
but the correct is Hy, | # k, [ = 1,2. We consider the
maximum probability of such errors over all state sequences
from SV. Then, the first kind error probability is

N AN N c
aavs (™, Wy )= max W' r, 00 22 (A7),
s



and the error probability of the second kind is
— N
Bavs(e™, Gxv) = max Gl 11 (%) 1200 (A)- (5)

Let

>

Bavs(N, ¢, f1, f2, Wxv,Gxv)

. a N
min {Bavs(¥”, Gxv)
ACLy XLY,

aavs(eY Wxy) >1—¢,¥s €SV}, (6)

Bavs(R1, Rz, Nye,Wxy,Gxv) =

i loglr\r}zIKNR {Bavs(N,e, f1, f2, Wxy,Gxy)}.  (7)

As a standard HT problem, we are interested in asymptotic
behavior of (7). What we get towards this problem is pre-
sented in Section 4.

To proceed with definitions, introduce the convex hulls of
N N
Wi ) 20¢) a0d Gy, ) 15(v)

TN
Wi (X) f2(Y)

N
={ Z AsWs],vfl(X)fg(Y)v 0< A <1, Z As =1}, (8)

seSN seSN
SN
G5 (X)£2(Y)

yAN
S{Y . AGhx0nr), 0S A <L, Y As=1} (9)

seSN seSN
Define for £k =1,2, ...

2

Oavs(R1, Rz, k, Wxvy,Gxy) sup sup

fi:log || f1l|<kRy f2:log||f2]|<kR2

min min
~k Ck Wk Ak
GF )Y €95 (%) £200) Wi ) 12 (0) EVF (%) £2 (%)

15k ik
{ED(Wf1(X)f2(Y)||Gf1(X)f2(Y))} (10)

where D(Wf1 X) f2(0)| |Gf1(x)f2(y)) is the information diver-

gence between two distributions I/Vf1 (X)f2(y) 2and Gf1 (X) f2(Y)
defined as

ik ~
DWi,x) 10 G (%) 12 %))

W (x,y)
F1(X) f2 (Y
= Y Wi () log ST

xeXk yeyk fl(x)fz(Y)( )
and

Oavs(R1, R2, Wxy,Gxy)

ésup@Avs(R1,Rz,k,WXngXY)- (11)
k

To deal with special cases of AVCS HT problem with and
without data compression we need extra notations.

For the partial data compression case of Ry > log|Y|, let

Bavs(R, N,e, Wxy,Gxv), Oavs(R, k, WxyGxy)

and Oavs(R, Wxy,Gxy) be the corresponding version of
(7), (10) and (11), respectively, with setting R1 = R. Note
that

0avs(R, k, Wxy,Gxy)

min min
wk Wk ik Ck
Wiy EWVF oy FFoov €95y

(12)
In Fu-Shen [3] AVS HT problem (6) can be rewritten as

Bavs(N,e, Wx,Gx) £ min {Bavs(e™,Gx) :
AcCxN

aAVS(<pN7WX) >1-g VSGSN}a (13)
with X =Y and in Ahlswede-Csiszar [2] as

B(N,e, f,Wxy,Gxy) = min  {GYxyv(A):

ACf(XN)x YN

Wix)y(A4) > 1—¢, Vs € 87}, (14)
with consideration

B(R,N,e,Wxy,Gxy)

1>

{ﬁ(N7€7faWXY,GXY)}7 (15)

min
filog[[fIISNR

where Wxy and Gxy are unique members of Wxy and
Gxv, respectively, as |S| = 1.

Further, denote for k =1,2,...
G(R, k, ny, ny)

1
£ sup  {+

w DWrcoy llGxy)}- (16)
flog||fIISER

Section 3 studies this partial compression scenario first.

3. HT WITH COMMUNICATION
CONSTRAINTS

The preliminary discussions and definitions above allow to
formulate our results. For the AVCS HT problem in Ahlswe-
de-Csiszar scheme we have

Theorem 1. For every R > 0,

a)

hmsupflogﬂAVS(R N,e, Wxy,Gxy)

N —oo

< —0avs(R, Wxy,Gxy) Ve € (0,1),

b)

lim hmlnf—logﬂAvs(R N,e,Wxy,Gxy)

e—0

> —04vs(R, Wxy,Gxy).

Apparently, setting |S| = 1 we get the result by Ahlswede
and Csiszar [2].

Theorem 2. For every R > 0 we have

a)

hmsup—logﬂ(R N, e, Wf(x)Y,Gf<X>Y)

N —oco

< —Q(R, W;\(fx)y, jSv(x)y) Ve S (O, 1),



b)
lim hmlnf—logﬂ(R N,e Wf(x Y7Gf(x)y)

e—0

—8(R, Wiixyy, Grxyv)-

With R > log |X| we get Stein’s lemma for AVS [3].

LEMMA 1
(0,1) we have

(STEIN’S LEMMA FOR AVS). For every ¢ €

limsup — — log Bavs(N,e,Wx,Gx)

N —oc0

= HllIl

min D(WXHGX)
WXeWX GXEQX

where Wy and Gx are given by (8) and (9) for one source
in one dimensional case (N = 1).

Proof of Theorem 1. A similar proof of Theorem 2 [2] is
valid here.

a) Pick a k and consider the k-dimensional problem of HT

according to hypotheses
Hp: W}C(x)y H: gI;(X)Y

Applying Stein’s lemma for AVS’s we get

lim sup

i logﬁAVS(R lk,e, Wxy,Gxy)
l—o0

< —0avs(R, b, Wxy,Gxy)
for every € € (0,1). Since lk < N < (I + 1)k we have

Bavs(R, (+1)k, e, Wxv,Gxy) < Bavs(R, N,e, Wxv,Gxv)

< BAVS (R7 lk7 g, WXY7 gXY)7
it follows that

. 1
lim sup [N log ﬂAvs(R, ]\77 g, ny, gxy)]

N —o0

< —0avs(R, k, Wxy,Gxy)

for every € € (0,1). Since k was arbitrary, this proves asser-
tion a).

To prove the second passage we should perform several es-
timates.

For ézfv(x)Y € Q}V(X)Y there exist, \s, s € SV, with proper-

ties
Z As =1, and

seSN

0< A <1,

such that
Ghxyy = Y MGy

seSN
Then for every é?(x)Y € (j}\’(x)y and A C f(XN) x YN

Gy (A) < max Gelpxyy (A). (17)

Similarly, from (17) we have that for every A C f(X™)x YV

W;\(X)Y(AC) < max WS],V./'(X)Y(AC)'
seSN

For a fixed W;\(x)Y € Wﬁx)y

{A: AC FAXN) x YV&Wxyy(A) >1—¢, Vs e SV}

={A: AC F(XN) x YV & W x)y(A°) < e, Vs € SN}

C{A: ACFY) x YV & Wiixyy(A9) < e}

={A: ACFAN) x YN & Wlx)yy(A) >1—¢}. (18)

From (17) and (18) we have for every Wﬁxw € W\}\EX)Y
and G0y € G0y
ﬁAVS(R7 N157WXY7gXY)

> m1n
ACF(XN)x YN, W

AN
)z Gf(X)Y(A)7
F(X)Y

> min rnln
Filog[IfIISNR ACf(xN)xyN, W Nxyy (A =1—¢

Gy (A)

b) In view of (12), (19) and the b) point of Theorem 2 we
get the second part of Theorem 1.

We would like to prove a stronger result (as it is done in [2])
conjectured here as

Theorem 3.

. 1
A}Eﬂoo N log Bavs(R, N,e, Wxy,Gxvy)

= —0avs(R, Wxv,Gxv)
for all R >0 and € € (0,1).

Remark 1. The single-letter characterization problem of
(6) remains open.

4. HT WITH MULTITERMINAL DATA
COMPRESSION

For our extension of Han’s [1] HT problem with multiter-
minal data compression was possible to get the following
results.

Theorem 4. For every Ry >0, Ry > 0 and Ve € (0,1) we
have

a)
li]{]njilop [% log Bavs(Ru, R27N,E7WXY7QXY):|
< —0ayvs(Ri, Re, Wxv,Gxv),
b)
lim lim inf {% log Bavs(Ri1, Rz, N,E,WXY,QXY)]
> —0ays(Ri, R2, Wxv,Gxv),
c)

N — o0

lim sup [*bgﬂAVS(Rl:R%N g, ny,gxy)}

> —  min min D(W)J(VYH@)J}’Y)

WN N GN. cGN
WxyeWxy Gxy€9%xy



Proof of Theorem 4. a) Pick a k and consider the k-
dimensional problem of HT according to hypotheses

k k

Ho:Wronee  HitGremnm)-

Applying Stein’s lemma for AVS’s we get

. 1
lim sup | - log Bavs(Bi, Rz, Ik, e, Wxv, Gxv)
l—o0

< —0avs(R1, Ro, k, Wxy,Gxv)
for every € € (0,1). Since Ik < N < (I 4 1)k we have
Bavs(R1, Rz, (1 4+ 1)k, e, Wxy,Gxy)

< Bavs(R1, R2, N,e, Wxy,Gxvy)
< Bavs(Ra, Re,lk, e, Wxy,Gxy),
then it follows that

. 1
lim sup [N IOgﬁAVS(R17R27N757 WXY»QXY)]
N—oo

< —0avs(R1, R, k, Wxy,Gxv)

for every € € (0, 1). Since k was arbitrary, this proves the a)
point of the theorem.

b) By analogy of (19)
Bavs(Ri, R2, N, e, Wxy,Gxvy)

> B(R1, R2, N, &, W} x)120%): G 1y () £2(¥))- (20)

For every function fi, f» defined on XY and every A C
LY x L%, we have

—~ ~ o 1—«
DWRx) 0 |IGF %) 1203)) = alog 5T (-l i—p
(21)

where
TSN AN
a=Whx)pw(A),  B=GLxn):
By (6) and (7) we can choose f1, f2 and A such that
log [[fil| < N R, a>l-¢

and

B =B(Ra, Bo, N &, Wi x) 1 (v): G 30 22))-
Then (10), (11) and (21) give

N AN
O(Ry, R, Wiy x) 1,07, G 1 (%) £2(Y))

TN AN
2 0(Ry, Ra, N, Wi (%) 150%), Gy (%) £2(Y))

1 TN AN
2 v PWrxnwllGrenm)

1—¢
N

> — log B(R1, Ra, N, &, Wi ) 1% Gy (%) £2%)) —
where

h(a) = —aloga — (1 —a)log (1 — a).
Then for every Wi x) 1,(v): G %) (%)

1—¢
N

TN AN
log B(R1, Ra, Ny &, Wi (x) 12 (v)5 G 11.(%) f2 ()

TN SN
= —0(Ry, B2, W (%) 120%) G 11 (%) f2(¥))

o)
N

> —0avs(R1, Ra, k, Wxy,Gxv).
(20) and the last inequality complete the proof.

¢) Using Stein’s lemma for AVS’s (Lemma 1) and the mono-
tonicity of function Bayvs(R, N,e, Wxvy,Gxvy) in R, as well
as the same property for Says(R1i, R2, N,e, Wxy,Gxy) in
(R1, R2), we get the point ¢) of the theorem.

Remark 2. Ry — oo we get Theorem 1 from the points a)
and b) of Theorem /.

In case of |S| = 1 Theorem 4 results in an answer to Han’s
HT problem as

Theorem 5. For every R1 > 0, R2 > 0 and Ve € (0,1) we
have

a)
lim sup {i log B(R1, Rz, N, ¢, WXY,GXY):l
N—oo N
S 70(R17R23WXY7GXY)7
b)
L 1
!lilg)l}\{fllglof [N log B(R1, R2, N, ¢, WXYyGXY):|
> —6(R1, R2, Wxv,Gxy),
c)

lim sup {% log B(R1, R2, N, e, Wxvy, GXY):|

N —o0

> —D(Wxy||Gxv),

B(Rly Ry, N,e, Wxv, GXY) and 9(R1, R2, Wxy, ny) being
respective notations specialized from (7) and (11) for the
model [1].

Remark 3. Comparison of Theorem 5 with the single- let-
ter estimate given in [1] for the HT with multiterminal data
compression is another open problem.

REFERENCES
[1] Te Sun Han, “Hypothesis testing with multiterminal
data compression”, IEEE Trans. Inform. Theory, vol.
IT-32, no. 6, pp. 759—772, 1987.

[2] R.Ahlswede and I. Csiszar, “Hypothesis testing with
comunication constraits”, IEEE Trans. Inform.
Theory, vol. IT-32, no. 4, pp. 533-542, 1986.

[3] F.-W. Fu and S.-Y. Shen, “Hypothesis testing for
arbitrarily varying source”, Acta Math. Sinicia, New
Series, vol. 12, no. 1, pp. 33-39, 1996.

[4] F.-W. Fu and S.-Y. Shen, “Hypothesis testing for
arbitrarily varying source with exponential-type
constraint”, IEEE Trans. Inform. Theory, vol. 44, no.
2, pp. 892-895, 1998.

[5] A. N. Harutyunyan and A.J. Han Vinck, “Error
exponent in AVS coding”, Proc. of IEEE Int. Symp.
Inform. Theory, Seattle, WA, July 9-14, pp.
2166-2170, 2006.

[6] R. Ahlswede, E. V. Aloyan, and E. A. Haroutunian,
“On logarithmically asymptotically optimal
hypothesis testing for arbitrarily varying source with
side information”, Lecture Notes in Computer Science,
vol. 4123, “General Theory of Information Transfer
and Combinatorics”, Springer, pp. 457-461, 2004.



