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ABSTRACT
In this paper we give various algorithms for computa-
tion of De Morgan and quasi-De Morgan functions. We
define the disjunctive and conjunctive normal forms for
De Morgan and quasi-De Morgan functions and intro-
duce the concept of Zhegalkin polynomial for the case of
quasi-De Morgan functions as well as prove some results
analogous to the Zhegalkin representation theorem on
Boolean functions.
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1. INTRODUCTION AND PRELIMINAR-
IES

An algebra (Q; {+, ·, ′, 0, 1}) with two binary, one unary
and two nullary operations is called a Boolean algebra
if (Q; {+, ·, 0, 1}) is a bounded distributive lattice with
least element 0 and greatest element 1 and the algebra
(Q; {+, ·, ′, 0, 1}) satisfies the following identities:

x + x′ = 1, x · x′ = 0.

An algebra (Q; {+, ·,̄ , 0, 1}) with two binary, one unary
and two nullary operations is called a De Morgan algebra
if (Q; {+, ·, 0, 1}) is a bounded distributive lattice with
least element 0 and greatest element 1 and the algebra
(Q; {+, ·, ,̄ }) satisfies the following identities:

x + y = x · y, x = x,

where x = (x)([1, 2, 3, 4, 5, 6, 10, 12, 13, 15, 20,
21]). For example, the standard fuzzy algebra F =
([0, 1]; max(x, y), min(x, y), 1 − x, 0, 1) is a De Morgan
algebra.

For the definition of free algebras of the given variety
see [9, 22, 23].

Let B = {0, 1} . Define the operations +, ·, ′, on B by
the following way: 0 + 0 = 0, 0 + 1 = 1 + 0 = 1 + 1 =
1, 0 · 1 = 0 · 0 = 1 · 0 = 0, 1 · 1 = 1, 0′ = 1, 1′ = 0. We
get the Boolean algebra 2 = (B; {+, ·, ′, 0, 1}).

For a set X denote the set of all its subsets by 2X or
P(X). If we consider subsets of a given set X then for
a subset s ⊆ X we denote s = X \ s.

A function f : Bn → B is called a Boolean function of n
variables. Let “≤” be the order of the lattice (B; {+, ·}).
For u = (u1, . . . , un), v = (v1, . . . , vn) ∈ Bn we define:
u ≤ v if and only if ui ≤ vi for all i = 1, . . . , n. A
Boolean function f : Bn → B is called monotone if it
preserves the order “≤”, i.e.

x ≤ y ⇒ f(x) ≤ f(y),

where x, y ∈ Bn.

Definition 1. An algebra (Q; {+, ·, ,̄′ , 0, 1}) with two
binary, two unary and two nullary operations is called
a Boole-De Morgan algebra if (Q; {+, ·, ,̄ 0, 1}) is a De
Morgan algebra and (Q; {+, ·, ′, 0, 1}) is a Boolean alge-
bra and the two unary operations commute, i.e. (x)′ =

(x′).

This concept is introduced in [14, 15] under the name
of Boolean bisemigroup.

For example, every Boolean algebra can be considered
as a Boole-De Morgan algebra with two equal unary
operations. In particular if 2 = (B; {+, ·, ′, 0, 1}) is
the two-element Boolean algebra and x = x′ (i.e. the
unary operations ¯ and ′ are equal) then the algebra
(B; {+, ·, ,̄′ , 0, 1}) is a Boole-De Morgan algebra and we
will denote it by BM2.

Further, denote D = {0, a, b, 1}. Defining 0 + x = x +
0 = x, 0 · x = x · 0 = 0 and 1 · x = x · 1 = x, 1 +
x = x + 1 = 1 for all x ∈ D, and a + b = b + a =
1, ab = ba = 0, 0 = 1, 1 = 0, a = a, b = b, 1′ =
0, 0′ = 1, a′ = b, b′ = a we get the De Morgan algebra
4 = ({0, a, b, 1}; {+, ·, ¯, 0, 1}) and the Boole-De Morgan
algebra BM4 = (D; {+, ·,̄ , ′, 0, 1}).

For any Boolean algebra B and its dual Boolean algebra
Bop consider the direct product B × Bop. Defining one
more unary operation ¯ by (x, y) = (y, x) we get a
Boole-De Morgan algebra.

For a Boole-De Morgan algebra (Q; {+, ·,¯,′ , 0, 1}) 
we define one more unary operation ∗  in the following 
way: x∗ = (x)′ = (x′). It is easy to see that (x + 
y)∗ = x∗ + y∗, (x · y)∗ = x∗ · y∗, x∗ = (x)∗, (x∗)′ = 
(x′)∗. Thus the mapping x → x∗ is an automorphism 
of the Boole-De Morgan algebra (Q; {+, ·,¯,′ , 0, 1}).

It is commonly known that the free Boolean algebra on
n free generators is isomorphic to the Boolean algebra
of Boolean functions of n variables [3, 9, 22]. The free
bounded distributive lattice on n free generators is iso-
morphic to the lattice of monotone Boolean functions of



n variables. In paper [21] we have introduced the con-
cept of De Morgan function and proved that the free 
De Morgan algebra on n free generators is isomorphic 
to the De Morgan algebra of De Morgan functions of n 
variables. This is a solution of the problem posed by 
B.I. Plotkin. In paper [21] we have also introduced the 
concept of quasi-De Morgan functions and used them 
to establish some properties of De Morgan functions.

In this paper we continue the study of the properties
of De Morgan and quasi-De Morgan functions and de-
fine disjunctive and conjunctive normal forms for those
functions. And finally, we introduce the concept of
Zhegalkin polynomial for the case of quasi-De Morgan
functions and prove some results analogous to the Zhe-
galkin’s representation theorem on Boolean functions
(see [7, 25]).

2. DE MORGAN AND QUASI-DE MOR-
GAN FUNCTIONS

Recall that D = {0, a, b, 1} and B = {0, 1}. Let us
consider a one-to-one correspondence between the sets
D and B ×B as follows:

0 ↔ (0, 0), a ↔ (1, 0), b ↔ (0, 1), 1 ↔ (1, 1).

We define the operations +, ·, ,̄′ on the set B × B as
follows:

(u, v) = (v′, u′), (u, v)′ = (u′, v′),
(u1, v1) + (u2, v2) = (u1 + u2, v1 + v2),
(u1, v1) · (u2, v2) = (u1 · u2, v1 · v2)

(here the operations on the right hand side are the oper-
ations of the Boole-De Morgan algebra BM2). We get
the Boole-De Morgan algebra (B × B; {+, ·,̄ , ′, 0, 1}),
which is isomorphic to the algebra BM4 (the one-to-
one correspondence described above is an isomorphism).
However, if the tuple (y, z) ∈ B × B corresponds to
x ∈ D then we will write x = (y, z) (this causes no
confusion).

For x ∈ D let

x∗ =

{
x, if x = 0, 1,
a, if x = b,
b, if x = a.

The unary operation ∗ can also be defined on B × B
taking into account the isomorphism described above.
In result we get (u, v)∗ = (v, u) = (v∗, u∗), u, v ∈ B.
It is clear that x∗ = (x)′ = x′ (which agrees with the
notation from the previous section).

Definition 2. A function f : Dn → D is called a
quasi-De Morgan function if the following conditions
hold:
(1) if xi ∈ {0, 1}, i = 1, . . . , n, then
f(x1, . . . , xn) ∈ {0, 1},
(2) if xi ∈ D, i = 1, . . . , n, then
f(x∗1, . . . , x

∗
n) = (f(x1, . . . , xn))∗,

In terms of clone theory Condition (1) means that the
function f preserves the unary relation {0, 1} ⊆ D, and
Condition (2) means that f preserves the binary relation
{(0, 0), (a, b), (b, a), (1, 1)} ⊆ D2, which is the graph of
the automorphism x 7→ x∗ (for clones see [22, 16, 17]).

For c = (c1, . . . , cn), d = (d1, . . . , dn) ∈ Dn we say that d
is a permitted modification of c if for some k (1 ≤ k ≤ n)

we have di = ci for all 1 ≤ i ≤ n, i 6= k and

dk =

{
a, if ck = 0,
1, if ck = b.

Definition 3. A quasi-De Morgan function f : Dn →
D is called a De Morgan function if it satisfies the fol-
lowing condition:
(3) if x, y ∈ Dn with f(x) 6= b and y is a permitted
modification of x then f(y) ∈ {f(x), a}.

In terms of clone theory this condition means that f pre-
serves the order relation ρ = {(b, b), (b, 0), (b, 1), (b, a),
(0, 0), (0, a), (1, 1), (1, a), (a, a)} ⊆ D2 .

Notice that Condition (1) is a consequence of Condition 
(2), but, however, it is more convenient to write it as 
a separate condition.

Note that it follows from Condition (1) that every quasi-
De Morgan function is an extension of some Boolean
function. And notice that the constant functions f = 1
and f = 0 are quasi-De Morgan functions, but the con-
stant functions f = a and f = b are not. This means
that 0 and 1 are the only constant quasi-De Morgan
functions. Further examples of quasi-De Morgan func-
tions are f(x) = x, g(x) = x, h(x, y) = x · y, q(x, y) =
x+y, p(x) = x′, where the operations on the right hand
side are the operations of the Boole-De Morgan algebra
BM4. Also note that the function p is an example of
quasi-De Morgan function which is not a De Morgan
function.

As Boolean and De Morgan functions (and also all func-
tions Dn → D), quasi-De Morgan functions can be
given by tables. Also note that there is an algorithm
which for a given table of a function f : Dn → D deter-
mines whether f is a quasi-De Morgan function.

Below, for xi ∈ D we denote by (yi, zi) the pair from
B ×B which corresponds to xi, i.e. xi = (yi, zi).

Theorem 1. A function f : Dn → D is a quasi-De
Morgan function if and only if there exists a Boolean
function ϕ : B2n → B such that

f(x1, . . . , xn) =
(ϕ(y1, . . . , yn, z′1, . . . , z

′
n), ϕ(z1, . . . , zn, y′1, . . . , y

′
n)),

(1)
for all x1, . . . , xn ∈ D.

For a quasi-De Morgan function f : Dn → D there
exists a unique Boolean function ϕ : B2n → B which
satisfies (1). To emphasize that ϕ is the unique Boolean
function corresponding to f , we denote it by ϕf .

Corollary 1. There are exactly 24n

quasi-De Morgan
functions of n variables.

Let us formulate the following criterion.

Theorem 2. A quasi-De Morgan function f : Dn →
D is a De Morgan function if and only if the correspond-
ing Boolean function ϕf is monotone.



Let mn be the number of monotone Boolean functions of
n variables (those numbers are called Dedekind numbers
too).

Corollary 2. There are m2n De Morgan functions of
n variables.

Denote the set of all quasi-De Morgan functions of n 
variables by BMn. For the functions f, g : Dn → D 
define f + g, f · g, f and f′ in the standard way, i.e.
(f +g)(x) = f(x)+g(x), (f ·g)(x) = f(x)·g(x), f(x) = 
f(x), f′(x) = (f(x))′, x ∈ Dn, where the operations on 
the right hand side are the operations of the Boole-De 
Morgan algebra BM4. The set BMn is closed under 
operations +, ·, ,̄′ and so we get an algebra: BMn =
(BMn, {+, ·,̄ , ′, 0, 1}) (here 0 and 1 are the constant
quasi-De Morgan functions), which obviously is a Boole-
De Morgan algebra. The analogous result is valid for
De Morgan functions too, i.e. the set of all De Morgan
functions of n variables is closed under operations +, ·, .̄
And so if Dn is the set of all De Morgan functions of n
variables then Dn = (Dn, {+, ·,̄ , 0, 1}) is a De Morgan
algebra.

For a set S ⊆  2{1,...,n} × 2{1,...,n} define the 
function fS : Dn → D in the following way:

fS(x1, . . . , xn) =∑
(s1,s2)∈S

(∏
i∈s1

xi ·
∏

i∈s1
x′i ·
∏

i∈s2
xi ·
∏

i∈s2
x∗i
)

,

(2)
where the operations on the right hand side are the
operations of BM4. Notice that fS does not depend
on the order of the elements in the set S.

Also we set fØ = 0 and f{(Ø,Ø)} = 1.

Let us consider the projection functions

δi
n = xi, i = 1, . . . , n,

as functions Dn → D. Obviously, δi
n is a quasi-De Mor-

gan function for each i. And according to (2), for any

set S ⊆ 2{1,...,n} × 2{1,...,n} we have:

fS =
∑

(s1,s2)∈S

(∏
i∈s1

δi
n ·
∏
i∈s1

(δi
n)

′ ·
∏
i∈s2

δi
n ·
∏
i∈s2

(δi
n)

∗

)
.

Hence, fS ∈ BMn, i.e. fS is a quasi-De Morgan func-
tion for any set S ⊆ 2{1,...,n} × 2{1,...,n}.

For s = (s1, s2) ∈ 2{1,...,n} × 2{1,...,n} let s′ = s1 ∪
{n + i : i ∈ s2} ∈ 2{1,...,2n}, and for S ⊆ 2{1,...,n} ×
2{1,...,n} let S′ = {s′ : s ∈ S} ⊆ 2{1,...,2n}. In this way
we give a one-to-one correspondence between the sets
P
(
2{1,...,n} × 2{1,...,n}) and P

(
2{1,...,2n}).

Now, for any quasi-De Morgan function f ∈ BMn from
Theorem 1 we conclude that there exists a set S′ ⊆
2{1,...,2n} such that:

f(x1, . . . , xn) =
(ϕf (y1, . . . , yn, z′1, . . . , z

′
n), ϕf (z1, . . . , zn, y′1, . . . , y

′
n)) =∑

(s1,s2)∈S

(∏
i∈s1

xi ·
∏

i∈s1
x′i ·
∏

i∈s2
xi ·
∏

i∈s2
x∗i
)

=

fS(x1, . . . , xn),

where S is the subset of 2{1,...,n}×2{1,...,n} correspond-
ing to S′.
Moreover, the number of all quasi-De Morgan functions
of n variables is the same as the number of all subsets of
2{1,...,n} × 2{1,...,n}. Hence, we get the following result.

Theorem 3. For any quasi-De Morgan function f of
n variables there exists a unique set S ⊆ 2{1,...,n} ×
2{1,...,n} such that f = fS.

In particular, fS1 6= fS2 if S1 6= S2 (cf. [18, 19, 20]).

Thus, every quasi-De Morgan function can be 
uniquely presented in the form (2). This form is 
called the dis-junctive normal form (or briefly - 
DNF) of quasi-De Morgan function f.

Below we will use the concept of essential variable (and
essential dependence) of quasi-De Morgan functions. The
definitions are the same as in case of Boolean functions
and so we do not give them here.

Theorem 4. For a quasi-De Morgan function f the
corresponding Boolean function ϕf does not essentially
depend on the last n variables if and only if f can be
represented as a term function with functional symbols
+, ·, ′, i.e. f is a term function of the Boolean algebra
(D; {+, ·, ′, 0, 1}).

Proof. Notice that in the representation of a quasi-
De Morgan function f by DNF the terms of the form xi

or x′i correspond to the first n variables of the Boolean
function ϕf , and the terms of the form xi and x∗i cor-
respond to the last n variables of ϕf . Hence, if ϕf does
not essentially depend on the last n variables then f
can be represented in the following form for some set
S ⊆ 2{1,...,n}:

f(x1, . . . , xn) =
∑
s∈S

(∏
i∈s

xi ·
∏
i∈s

x′i

)
. (3)

Obviously there are 22n

such terms and they are dif-
ferent (as functions) for different sets S1 and S2. Also

there are 22n

quasi-De Morgan functions for which the
corresponding Boolean function ϕf does not essentially
depend on the last n variables. Therefore only those
functions for which the corresponding Boolean function
does not essentially depend on the last n variables can
be represented in the form (3). And also the repre-
sentation is unique. And finally note that all terms of
the Boolean algebra (D; {+, ·, ′, 0, 1}) (and also of any
Boolean algebra) can be reduced to the form (3) (it is
well known).

By similar arguments we can establish the analogous 
representations for De Morgan functions. To formulate 
that result let us recall the definition o f a ntichain. If 
(L; ≤) is a partially ordered set then A ⊆ L is called an 
antichain if any two different elements of the set A are 
incomparable (for antichain see [9, 8, 11, 24]). Defining 
the order relation ⊆ on the set 2{1,...,n} × 2{1,...,n} com-
ponentwisely (i.e. (a1, a2) ⊆ (b1, b2), if a1 ⊆ b1 and a2 ⊆ 
b2) we get a partially ordered set 2{1,...,n} ×2{1,...,n}(⊆). 
Below we will use antichains of that poset.

Theorem 5. Every De Morgan function can be uniquely
represented in the following form:

f(x1, . . . , xn) =
∑

s=(s1,s2)∈S

(∏
i∈s1

xi ·
∏
i∈s2

xi

)
,

where S ⊆ 2{1,...,n} × 2{1,...,n} is an antichain.



This form is called the disjunctive normal form for De
Morgan function f .

3. REPRESENTATION BY POLYNOMI-
ALS

First recall that in the theory of Boolean functions the
exclusive-or function is defined as follows:

x⊕ y = xy′ + x′y.

This is a binary operation on the set B and the algebra
(B; {⊕, ·}) is a field (it is the two-element Galois field
GF(2) = Z2).

Recall the following well known result.

Theorem 6. ([7]) For every Boolean function f : Bn →
B there exists a unique mapping α : P({1, . . . , n}) →
{0, 1} such that

f(x1, . . . , xn) =
⊕

A∈P({1,...,n})

α(A) ·
∏
i∈A

xi, (4)

where the operations on the right hand side are the op-
erations of the two-element field GF(2) = Z2.

The right hand side of (4) is a polynomial modulo 2.
Those polynomials are called also Zhegalkin polynomi-
als for Boolean functions [25].

Let us recall the one-to-one correspondence between the
sets D and B ×B described:

0 ↔ (0, 0), a ↔ (1, 0), b ↔ (0, 1), 1 ↔ (1, 1).

Now we can define an operation ⊕ on B × B compo-
nentwisely (i.e. (u1, v1) ⊕ (u2, v2) = (u1 ⊕ u2, v1 ⊕ v2))
and taking into account the above one-to-one correspon-
dence we can define the operation ⊕ on D. We get the
following table of that operation:

⊕ 0 1 a b
0 0 1 a b
1 1 0 b a
a a b 0 1
b b a 1 0

The algebras (D; {⊕, ·}) and (B×B; {⊕, ·}) are isomor-
phic. Also notice that x ⊕ y = x′y + xy′, where the
operations on the right hand side are the operations of
the Boole-De Morgan algebra BM4.

Now we can define Zhegalkin polynomials on the set D.
Those are the polynomials of the form (4), only the
domain of variables now is the four-element set D, and
⊕ is the operation on the set D defined above and ·
is the multiplication of the Boole-De Morgan algebra
BM4. The functions x⊕y, x ·y and constant functions
0, 1 are quasi-De Morgan functions, hence all Zhegalkin
polynomials on the set D considered as functions from
Dn into D are quasi-De Morgan functions. Here we
restrict the coefficients to be only 0 and 1 (and not a or
b) because the constant functions a and b are not quasi-
De Morgan functions and so if we let the coefficients to
be a or b then the polynomial could be a non quasi-De

Morgan function. Two Zhegalkin polynomials on the
set D are called equal if the corresponding coefficients
are equal.

Theorem 7. A quasi-De Morgan function f : Dn →
D can be represented as a Zhegalkin polynomial on the
set D if and only if the corresponding Boolean func-
tion ϕf (t1, . . . , t2n) does not essentially depend on the
variables tn+1, . . . , t2n. And if this is the case then the
representation is unique.

This theorem shows that two Zhegalkin polynomials on
the set D are equal (as polynomials) if and only if they
are equal as functions, i.e. their values are equal for any
values of variables.

It is easy to verify that for a quasi-De Morgan function f 
the corresponding Boolean function ϕf does not essen-
tially depend on the last n variables if and only if f pre-
serves the binary relation σ = {(0, 0), (0, b), (b, 0), (b, b),
(a, a), (a, 1), (1, 1), (1, a)} ⊆ D2. Thus, a quasi-De Mor-
gan function is a Zhegalkin polynomial on the set D if 
and only if it preserves the binary relation σ.

From Theorem 4 we deduce that the term functions of
the four-element Boolean algebra (D; {+, ·, ′, 0, 1}) and
only they can be represented as Zhegalkin polynomials
on the set D. This result also follows from the following
equalities: u′ = 1 ⊕ u, u ∈ D and u + v = (u′ · v′)′ =
1⊕ (1⊕ u) · (1⊕ v) = u⊕ v⊕ u · v, u, v ∈ D. And these
equalities give us an algorithm which, given a quasi-De
Morgan function, gives its representation as a Zhegalkin
polynomial on the set D.

A quasi-De Morgan function f is called monotone if it
preserves the order of the lattice (D; {+, ·}).

It is easy to see that if f and g are monotone De Morgan 
functions then f ·g and f+g are monotone, too. Hence, 
all De Morgan functions of the following form are 
monotone De Morgan functions:∑

s∈S

∏
i∈s

xi, (5)

where S ⊆ 2{1,...,n} is an antichain. In the proof of the
following theorem we also show that all monotone De
Morgan functions can be presented in the form (5).

Theorem 8. A De Morgan function f(x1, . . . , xn) is
monotone if and only if the corresponding Boolean func-
tion ϕf (t1, . . . , t2n) does not essentially depend on the
variables tn+1, . . . , t2n.

Now we deduce the following result.

Corollary 3. A De Morgan function can be represented
as a Zhegalkin polynomial on the set D if and only if it
is monotone.

The idea of De Morgan and quasi-De Morgan functions
is also applicable in quantum computation, quantum
information theory, quantum logic and the theory of
quantum computers.
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ihre größten gemeinsamen Teiler”, Festschrift der
Techn. Hochsch. Braunschwig bei Gelegenheit der
69. Versammlung deutscher Naturforscher und
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Jassy, 22(1935), pp. 1-117.

[13] Yu.M. Movsisyan, ”Binary representations of
algebras with at most two binary operations. A
Cayley theorem for distributive lattices”,
International Journal of Algebra and Computation,
19(2009), pp. 97-106.

[14] Yu.M. Movsisyan, ”Boolean bisemigroups.
Bigroups and local bigroups”, CSIT Proceedings of
the Conference, September 19-23, Yerevan,
Armenia, pp.97-104, 2005.

[15] Yu.M. Movsisyan, ”On the representations of De
Morgan alge-
bras”, Trends in logic III, Studialogica, Warsaw, 2005
http://www.ifispan.waw.pl/studialogica/Movsisyan.pdf

[16] Yu.M. Movsisyan, ”Hyperidentities and
hypervarieties in algebras”, Yerevan State University
Press, Yerevan (Russian), 1990.

[17] Yu. Movsisyan, ”Hyperidentities and
hypervarieties”, Scientiae Mathematicae Japonicae,
54(2001), pp. 595-640.

[18] Yu.M. Movsisyan, ”Hyperidentities of Boolean
algebras”, Izvestiya RAN: Ser. Mat., 56(1992), pp.
654-672. English transl. in Russ. Acad. Sci. Izv.
Math., 40(1993), pp. 607-622.

[19] Yu.M. Movsisyan, ”Algebras with hyperidentities
of the variety of Boolean algebras”, Izvestiya RAN:
Ser. Mat., 60(1996), pp. 127-168. English transl. in
Russ. Acad. Sci. Izv. Math., 60(1996), 1219-1260.

[20] Yu.M. Movsisyan, V.A. Aslanyan,
”Hyperidentities of De Morgan algebras”, Logic
Journal of IGPL, 20(2012), pp. 1153–1174
(doi:10.1093/jigpal/jzr053).

[21] Yu.M. Movsisyan, V.A. Aslanyan, ”A functional
representation of free De Morgan algebras”,
Proceedings of the Yerevan State University,
Physical and Mathematical Sciences, 3(2012),
pp.14-16.

[22] B. I. Plotkin Universal algebra, algebraic logic,
and databases , Kluwer Academic Publisher, 1994.

[23] J. D. H. Smith, A. B. Romanowska, ”Post-modern
algebra”, A Wiley-Interscience Publication, John
Wiley and Sons, Inc., New York, 1999.

[24] E. Sperner, ”Ein Satz über Untermengen einer
endlichen Menge”, Math.Z., 27(1928), pp. 544-548.

[25] I. I. Zhegalkin, ”On the Technique of Calculating
Propositions in Symbolic Logic”, Mat. Sbornik, 43(1927),
pp. 9-28.




