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ABSTRACT

In this paper, the concept of the A-bisemigroup is intro-
duced and the construction of the free A-bisemigroup is
described. (The A-bisemigroup is the duplex satisfying
the additional identities.)
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1. INTRODUCTION

The concepts of dimonoid and dialgebra were intro-
duced in [1]. Dimonoid is a set with two binary as-
sociative operations satisfying the additional identities.
Dialgebra is a linear analogue of the dimonoid. One
of the first results about dimonoids is the description
of the free dimonoid generated by the given set. Us-
ing properties of the free dimonoid, the free dialgebras
were described and the cohomologies of dialgebras were
studied in [1]. In [2], using the concept of dimonoids,
the concept of unileteral dirings was introduced and
the basic properties of dirings were studied. In [3, 4]
free dimonoids and free commutative dimonoids were
described. In [5], the concept of the duplex (which gen-
eralizes the concept of a dimonoid) and the construct of
free duplexes were introduced. In [6, 7], the concept of
Boolean bisemigroups (which generalizes the concept of
the Boolean algebra) was introduced and a Stone-type
theorem was proved (cf. [8, 9, 10]).

The concept of the 0-dialgebra was introduced in [11].
The 0-dialgebra under the field, F', is a vector space
under F' with two binary operations, 4 and F, such that

(zdy)bFz=@ry tzzd(xky)=2z-d(xdy).

In this paper, the concept of the A-bisemigroup is intro-
duced and the construction of the free A-bisemigroup is
described. (The A-bisemigroup is the duplex satisfying
the additional identities.)

2. AUXILIARY RESULTS

Definition 1. The algebra, (A,-,F), is called A-bi-
semigroup if it satisfies the following identities:

(A1) (zdy)dz=2 4 (y2),
(A2) (zxHdy)dz=x 4 (yF 2),
(A3) (zHdy)Fz=aF (yF 2),
(A44) (zFy)Fz=zF (yF 2).
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Definition 2. The map, f : A1 — Az, between the
A-bisemigroups, A1 and Az, is called homomorphism if
fl@+y) = f@) + fy), fl@ Fy) = f@) F f(y) for
all x,y € Ay. The bijective homomorphism between the
A-bisemigroups is called isomorphism.

Lemma 1. Let (A,H,b) be an A-bisemigroup. Then
for any term, t = t(x1,...,2n), and for x € A holds:

(@) zdt=xzdz14... dzn,

(fi)) thFx=az1F...Faz, Fa.

Proof. Prove (i) by induction on n. If n = 1,2 then
the statement is obvious. Let it be true for n < k.
Any term, t = t(x1,...,2,), can be written as t =
t1 * ta, where x € {4,F}, t1 = ti(z1,..., %8, ),t2 =
t2($k1+17. . -71’k)7 0 < k1 < k. If x =, then

cAt=aA(tt) 2 (@ At) Hts =
=@z ... dzgy,) dt2 =
=@z, . dzp) dzp, 41 1. dag =
=z-x ... dxk.
If * =+, then
cAt=ac4tFt) D (@ Ht) At =
(x—1x1—1...—|xk1)—|t2:
:(m4x144mk1)4xk1+14#xk:
=z -z ... 42k

Hence, (i) holds for n = k.
cally. [

(#4) is proved analogi-

Let e be an arbitrary symbol; introduce the following
sets:

I'={e}, I"={0,1}""" =

={e=(e1,...,en-1) e € {0,1},k=1,n— 1}, n > 1,

I:UI".

n>1

Definition 3. Let (A, -,F) be an A-bisemigroup. For
any xi,T2,...,Tn € A and for e € I" define the ele-
ment:

122 ...Tne € A (%),

by induction on n > 2 in the following way:



1. z1e =z,

2. x1x2 .. .mn(€1,€2, cen ,5n7270) =
1 - o .. .mn(51,82,~ .. 757L*2)7
Z1...Tn_1Zn(€1,€2,...,6n—2,1) =
=x1...Zn-1(€1,€2,...,n—2) 1 Tn.

n—1

. . ,—/h
Particularly, if e = (1,1,...,1) then

Ti...2pe = x1 1 ... d zp; if e = (0,0,...
T1...Tpne=2x1F ... xn.

Lemma 2. In any A-bisemigroup the following iden-
tities hold:

12 .. Accn(sh. . ,Enfl) — Yyiyz .. .ym(el,A . ~70m71) =
m
—

=Z1Z2. .. TnY1Y2 - - Ym (€1, . En—1,1,1,...,1),

12 .. Accn(sh. . ,Enfl) = Yyiyz .. .ym(el,A . ~70m71) =
n

——
:331$2...$ny1y2...ym(el,...797—,171,0,0,.,.,0).

Proof.

xX1T2 .. .l‘n(i:‘h. .o ,€n71) - Yiyz .. .ym(61,. . .,9m71)
(Zi).TLTQ...mn(El,...,Sn,l) 4y1 4y2 4 4ym
N —_—
= 21Z2. .. TnY1Y2 .- - Ym(E1y . yEn_1,1,1,...,1),

12 .. ..Tn(&‘l,. . 7€n71) = Yyiyz .. .ym(ﬁl,. . ~79m71)
(l:” 1 l_IEQ [ ":Z?n = ylyg...ym(el,...,ﬁm_l)

——

2.
:xlxg...mnylyz...ym(el,...,Hm_l,0,0,...,O).

O

All terms of the A-bisemigroup can be described by the
elements of the form, (x); namely, we can show that any
term can be reduced to (x).

Theorem 1. Let t = t(x1,...,2n) be a term in the
A-bisemigroup. Then there is such € € I™ that

t=21T2...TnE.

By virtue of theorem 1, any term in the A-bisemigroup
can be reduced to the form, (x), which we call canonical
form. For example, for the term, ((z1 - x2) F (z3 -
z4)) - (x5 b x6), the canonical form is:

(1 dx2) F (23 d ) (x5 - 26) =
= (.’Elx'z(l) = x3m4(1)) — 1‘51‘6(0) =
= z1x22324(1,0,0) 4 z526(0) =
= x1x2x3x4x5m6(17 0, 0, 1, 1).

Define the operations, < and +, on I in the following
way:

——
(517---75n—1) B (017~~-70m—1) = (61,...,(—,‘”_1,1,1,...,1),

——
(61,...,671_1) F (91,---70m—1) = (91,...,0771_1,0,0,...,0).

To show that the canonical form for any term is unique
we need the following lemma:

Lemma 3. The algebra, (I,,F), is an A-bisemigroup.

Proof. The axioms, (A1), (A2), (A3), (A4), are checked
directly. [

Lemma 4. In the algebra, (I,,F), for any e € I",
we have:
ee...ec = €.
n
Proof. Prove by induction on n. If n = 1, then the

statement follows from definition 2.3. Let it be true for
n==kandlet e € I*T1.

Ife = (e1,...,65-1,0) = ek &', wheree’ = (e1,...,6x-1),
then
ee...ec=elee...ec’ =ele =e¢.
—— ——
E+1 k
Ife = (e1,...,6k-1,1) =& He, wheree’ = (e1,...,6x-1),
then

! !
ee...ec—=ee...ec de=¢ de=c¢c.
——
k+1 k

O

From definitions of the operations, , |, it follows:

Lemma 5. If « € I",0 € I™, then a 4 0, 4 0 €
mtm,

Now we can formulate the uniqueness of the canonical
form.

Theorem 2. For any term in the A-bisemigroup the
canomnical form is unique.

3. MAIN RESULT

Let’s turn to the construction of the free A-bisemigroup.
Let X be an arbitrary and nonempty set, n € N. De-
note:

Yo=X"xI", neWN,

where X" = X XX x...xX = {(z1,22,...,%n) :
—_—

n

xp € X, k=1,n},

For convenience, the elements of A(X) are denoted by
(z1,22,...,2Zn)e, where € € I™, instead of
((z1,z2,...,%n),€), and we consider the sets, X xI* and
X, being the same, that is,we identify the symbol, z €
X, with the element, ze € A(X). Define the operations,
-, on A(X) in the following way:

(1, w2,. .., 2K)e 3 (Thy1, Thra, ..., 21)0 =
= (z1,22,...,2)e 16,

($17CL‘2, .. .,l'k)E [ (Ik+171‘k+2, e ,xl)e =
= (Iﬂ1,1§2,...,xl)€ Fé.



Theorem 3. The binary algebra, (A(X),-,F), is a
free A-bisemigroup with the system of free gemerators,
X.

Give another description of the free A-bisemigroup. Let
F[X] be a free semigroup with the system of the free
generators, X. For any word, w € F[X], we denote the
length of w by |w|. Define the operations, -+, on the
set:

FA={(we):we F[X],e I}
in the following way:

(‘-‘}175) _| (w279) = (w1w275 _| 0)7

(wl,s) I (WQ,O) = (wlwg,a = 9),

(w1,€), (we2,0) € FA. It is easy to verify that the binary
algebra, (F'A,, ), is an A-bisemigroup, which we de-
note by FA[X].

Theorem 4. The A-bisemigroups (A(X),,F) and FA[X]
are isomorphic.
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