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ABSTRACT

The agorithmic problem of nearest neighbors search and the
early proposed hash-coding algorithms (Elias algorithm, tree
based algorithms) are considered. The problem of optimality
characterization of the algorithm - depending on the
geometrical structure of blocks in a hash-coding scheme is
considered. As a supportive technique for this the structure
of consequtive neighbourhood layers to the subsets of binary
cube is considered. It is prooved that the function
representing the cardinalities of k™ neighborhoods of a set
depending on k is concave. Using this fact and the known
properties of isoperimetric  sets the difference
between the mantioned functions (for fixed argument)
corresponding to isoperimetric set and an arbitrary set of
the same cardinality can be estimated. It is prooved that the
agorithm is optimal when the mentioned blocks are
isoperimetric sets.
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1. INTRODUCTION

Let E={0,1}. Consider Cartesian degree E™ which is known
as the set of vertexes of n-dimensional unit cube. For
x,y € E™ denote by d(x,y) the Hamming distance between
vectors x and y. Denote by w(x) the weight of vector X, i.e.
w(x) = d(0™, x). For an x € E™ denote by S/*(x) the sphere
of radius r centered at point x i.e. .St(x)={ye€eE"/
d(x,y) < r} and denote by 07*(x) the neighbourhood / shell
of radius r i.e. Of(x) ={y € E"/d(x,y) =r}. For an
x €E™ and A< E™ we define the distance d(x,A) as
d(x,A) = minge, d(x,a). For A € E™ denote by A®) the
k™" neighborhood of 4, i.e. A® = {x/d(x, A) = k}.

The agorithmic problem of finding the set of al nearest
neighbors to a given vector from a given set is known [1].
More precisely, let us we have a nonempty subset F € E ™
and a vector x (query element or query vector). Denote by
F, the set of nearest neighborstox from F i.e.

E,={y€E"/d(x,y) = d(x F)}.

The problem is for a given F and x to find in an optimal
way the set F,. We can find the mantioned set by calculating
for each y € F the corresponding distances to xbut in many
cases, for large F it will make the problem practicaly
unsolvable. So, it is required from algorithm to consider as
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few as possible elements from F in constructing the nearest
neighbours. One a gorithm solving the mantioned problem is
known as Elias agorithm [1]. The main goal of this paper
isto provide the proof of the conjecture about optimality
of the mentioned agorithm conserning the geometrical
shape of code blocks[1].

The paper is organized as follows: In section 2 the
descriptions are brought related to the hash-coding
schemas and algorithms. In section 3 some auxiliary
rezults and definitions are brought about cardinalities of
neighborhoods of a cube subset. Finaly, in section 4
the theorem is prooved about the optimality of the
agorithm.

2. ELIASALGORITHM

At first, let us describe a particular schema of representataion
of subset F, called hash-coding schema. Hash function is
defined as a function h: E™ —» V, where V is afinite set of N
elements, V = {v, ..., vy}[2]. We consider the case, that
V =E™, and m < n. In connection to hash function, F is
represented as a union of N distinct linked lists (or buckets)
L;, i=1,..,N one for each possible hash value. For
i €{1,..,N} denote by B; the set {x € E™/h(x) = v;}. B;'s
are called blocks. The i list stores those vectors belonging
to F which bhave the same hash vaue i.e
L; ={x € E"/h(x) = v;}, or in other words L; = F N B;.
Hash coding scheme is called balanced if |B;| = 2™ /N, for
i=1,..,N.

The Elias algorithm [1] considers blocks B; of the model,
ordering them by their distances at vector x. Mention that we
must have an efficient method to find all blocks B;, ""Bjs(j)
located at distancej from x if such blocks exist. After the
step of these ordering the agorithm examines the lists
Ly, Ly, one after the other by increase of j;. Let the
best match distance (also its current value in algorithm) be
denoted by 6. Dueto F # @ initidization of § will happen
on some step and the final algorithmic value will present the
real minimal distance §. Now, if the current values obey
6 <j agorithm stops the work. All blocks with higher
distances than § at x do not need to be examined. In the
reminder case § > j, examining nonempty list L;, algorithm
can change the best match distance &, also refreshing the
current best match set, or the § will remain unchanged and
the current best match set will be updated.



By the complexity of agorithm we mean the average
number of examined lists over al files and queries,
supposing that

|. Each vector x € E™ equally likely can be requsted.

1. Each vector z € E™ independently appears in F with the
same probability p. This gives a specific probabilistic
distribution over the set of subsets of E™ appearing as the
target set F.

The pseudocode of the algorithm is brought below:

Elias Algorithm /* n is the word length, N is the number
of blocks */
inputx,F, *F=0*
integer § = oo, /* the current best match distance */
set S = @, /*S is the current set of vectors of F located at
distance 8 from x */
integer j= —1, /* current distance of blocks under
consideration from x */
while (j < 6)

{
j++,
if (sG)#0) /*s(j) is the number of blocks in
distance j from x*/
for (integer i=0, i < s(j), i++)

{

If (Lj; # @) /* start examine the list L;, i-th list with j
distanse block */
If (6 < d(x,L;) /*8is unchanged */
S=5SU(03(x) NL;) /*03(x) is the § neighborhood of x
*/

else
{
S = 03(x) N Ly, /*8 is changed */
8=d(xL;)
}

}
}

return S, comment: S = F,, § = d(x,F)

For balanced hash coding schemes it is proposed that the
algorithm may be optima when the blocks B; are
isoperimetric sets [1],[3]. Our main god is to prove the
mentioned conjecture.

3. ON FUNCTION OF CARDINALITIES
OF NEIGHBORHOODS OF A SET

For A € E™ let us denote
I,(k) = AP, k € {0, ...,n}.

It is obvious, that Y3_, [, (k) = 2™. For a one-point set,
A = {x}, values T,(k) are given by combinations (Z) For
larger sets starting from some point values T, (k) become
equal to 0. For a one-point set it is evident that T,(k) is
simply increasing and then decreasing at the point n/2. The
similar behaviour of the function I'4(k) is not studied for
arbitrary A € E ™ and our nearest goal is this investigation.

Lemma 3.1. For arbitrary subset A the function T,(k) has
one or two maximum points on the domain {1, ...,n} and in
case when the maximum points are two then they differ by 1.

Proof. Let us prove the lemma by induction. For n = 3 one
can check that the lemma takes place. Now let the lemma be
truein case < n — 1 and prove it for the case of n. Let us fix
the i'" coordinate and consider the partition of unit cube by
coordinate x;. Let us denote the corresponding subcubes by
EY —o and EY._;. In connection to this, denote the subsets of
the set A belonging to EY._, and EY._ by A, _o and Ay,
correspondingly. Let us denote Py = Ay, U Ay,—¢™ U
Ag=r @d Py = Ay UA, 1™ UA, o Note that P and
P; are subsets of n —1 dimensional unit cube. It can be
shown that (Figure 1)

DaCk) = Tp, (k= 1) + Ty, (k = 1) (31)

but for the sake of space here we omit the detail proof of the
clam.
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Figure 1.

As P, and P; are subsets of n — 1 dimensional unit cube,
then for functions Iy, (k) and I, (k)the lemma s true by the
induction hypothesis. Now let k, be the smallest integer such
that one of the mentioned functions (without loosing
generality assume that it isthe ' (k)) decreases. Then from

the definition of the set P, it follows that at most a point
ko +1 the function Tp (k) aso decreases. The lemma
follows purporting this and equation (3.1).

Now let us have a number 0 <a <2" and a point
c€E™ We define a set of cardindity a called standard
placement [3]. At first we define a linear order on E™ by the
following way [1],[3]. Let u, v € E™, then:

I.if d(u,¢) <w(t(v,c)) thenu < v,

I.if d(u,¢) =d(v,c) then u < v if there exists i, 1 <i <
n such that w=v, j=0,..,i—-1 and u;+c¢ =1,
Ui+ci:0'

The standard placement with centre ¢ and cardindlity a is
denoted by L7.(c). L%(c) is the set of first a elements by
means of linear order defined above[1],[3].

Theorem 3.1[1],[3]. ForAC E™ |A|=a andc € E™ the
following takes place:

Nao(1) < Ta(D). (32)

This result is the origin of our investigation. It is known as
the base Discrete |soperimetry Theorem. More properties of
Discrete Isoperimetry were investigated, see [3],[4], but
this research concerns only the set and its 1-
neighbourehood. Consequtive neighourhoods raise more
questions, and here our target is understand the
functional behaviour of the series of neighbourhoods, and



their sizes in particular. Now let us have an arbitrary subset
A, |A| = a and the standard placement L™, (c).

Lemma 3.2. There exists an integer s (1 <s < n) such

that
FLZ(C)(k) < FA(k), whenk < s (33)

and
FLZ(C) (k) > FA(k), whenk > s. (34)

The proof technique is similar to the proof of Lemma 3.1
and is omitted due to the space limitation. For geometrical
interpretation of lemma 3.2 see figure 2.
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4. OPTIMALITY OF THE HASH-
CODING TYPE SEARCH ALGORITHM

Let us consider the following problem: which property must
satisfy blocks of balanced hash-coding schema, so the
agorithm to be optimal.

Theorem 4.1.The agorithm is optimal, when the blocks B;,
i =1,...,N, of hash-coding schama are standard placements
(spheresin particular cases).

Proof.Asit isknown [1], the complexity of the algorithmis
a(h) = XL, ®(By), (41

where by ®(B;) is denoted the average probability aver all
query vectors that the block B; will be considered. It is
known [1], that

1 j .
®(B) = 531 [BY| W p,j - 1), (42)

where W(n,p,j — 1) is the probability that the sphere of
radius j — 1 does not contain points belonging to subset F.
Now let B be a standard placement and C be an arbitrary set,
such that |B| =|C|. Let us consider the following
difference

@(C) — &(B) = 4.3)
1%, .
= z‘nZ“C(’)' —|BO|)-¥(n,p,i— 1)
i=1

From theorem 3.2 and lemma 3.2 it follows that there exists
an integers, such that

®(C)—P(B) =

S
= 2 (19| = [BO]) - w(np,i — 1)
i=1

n
o ST (60|~ [BO]) W pri - 1)

i=s+1

LS (4.3)
2= (|cO] - [BO)) - ¥, ps - 1) -
i=m
1 n
—o= > (B9 = ¢ - ¥oup,s)
i=s+1
As ¥Y(nps)<¥(mps—1) and 1 (lc®] -

[BO|) =32,,.(|B®|—|c®]), then from (4.3)
follows that

() —d(B) = 0.

CONCLUSION

The nearest neighbors search is an important part of many
procedures such as in Pettern Recognition, Natural Language
Error Correction, and others. Two types of algorithms are
well known in this area: the tree based algorithms and the
dynamic programming style algorithms. Our interest is
devoted to the second one. First of all we use the hypotheses
that the optimality of this type agorithms is related to the
well known Discrete Isoperimetry problem. Then using the
known resultsin this area and giving some generaization we
obtain combinatorial postulates that help to prove
the optimaity of  these  algorithms. Results
achieved are interesting for both — the Discrete
Isoperimetry domain and in Divide and Conquer type
srearch. The complementary domain of inverstigation
that considers the issues how to partition the discrete
space to the Isoperimetry type blocks is also under
consideration but thisis a separate broad research direction
that is addressed [5], [6].
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