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ABSTRACT

A proper edge-coloring of a graph G with colors 1,...,¢ is
called a complete edge ¢— coloring if for every pair of
colors i and j, there are two edges with a common vertex,

one colored by i and the other colored by j. The largest
value of ¢ for which G has a complete edge ¢ — coloring
is called the achromatic index y'(G) of G. In this paper

achromatic indices of various graph products are
investigated.
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1. INTRODUCTION

All graphs considered in this paper are finite,
undirected, connected and have no loops or multiple edges.

Let V(G) and E(G) denote the sets of vertices and edges
of a graph G, respectively. The maximum degree of a
vertex in G is denoted by A(G), the chromatic number of

G by y(G), and the chromatic index of G by y'(G).
We use the standard notation K for the complete graph on

n vertices. For a graph G,by G and L(G) we denote the

complement and the line graph of the graph G , respectively.
Let G and H be two graphs.
The Cartesian product GIH is defined as follows:
V(GUH) =V (G)xV(H),

E(GUH) = {(“M )(14y.v,)| w,=u, and vv,eE(H) or

v,=v, and uluzeE(G)} .

The tensor (direct) product G x H is defined as
follows:

V(Gx H) = V(G)xV(H),
E(GxH)= {(ul i v, )| wu,€E(G) and vlvzeE(H)} .

The strong tensor (semistrong) product G ® H is
defined as follows:

V(G® H) =V(G)xV(H),
E(G®H) = {(t,%)(u,.1,) t,€E(G) and vyv,eE(H) or
v,=v, and uu,eE(G)} .
The strong product G is defined as follows:
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V(GLH) =V(G)xV (),
E(G[x]H) = {(ul,vl )(u.v, )| u,€E(G) and vyv,eE(H ) or
u,=u, and vv,€E(H) or v,=v, and uluzeE(G)} .

The lexicographic product (composition) G[H] is
defined as follows:

v (GIH])=V(G)xV(#),
E(G [H]) = {(ul )1y, )‘ uu,€E(G) or u=u,

and vlvzeE(H)} .

The terms and concepts that we do not define can be
found in [6,15].

A proper vertex f— coloring of a graph G is a
mapping o :V(G) = {I,...t4} such that for any
uv € E(G), oa(u)# a(v). The chromatic number y(G)
is the smallest value of ¢ for which G has a proper vertex
t — coloring. A proper vertex ¢ — coloring of a graph G is a
complete vertex ¢ — coloring of a graph G if for every pair
of colors i and j, there is an edge uv € E(G) such that

a(u) =i and o(v)=j. The achromatic number v (G)

of G is the largest value of ¢ for which G has a complete
vertex ¢ — coloring. The achromatic number of graphs was
introduced by Harary and Hedetniemi in [7]. In [8], Harary,
Hedetniemi and Prins showed that for any graph G if

2(G) <t <y (G),

t — coloring. In general, it is known that the problem of the

then G has a complete vertex

determining of the achromatic number is NP — complete
for bipartite graphs, cographs, interval graphs, and even for
trees [1,5,14]. The achromatic numbers of graph operations
were considered by Hell and Miller in [9], where they
proved that for graphs G and H,

74 (GxH) >y (G) +y (H) except for some special cases.

The achromatic numbers of the Cartesian products of graphs
were considered by Chiang and Fu in [3], where the authors
proved the following.

Theorem 1. If w (G) = m and w (H) = n, then

m+n—1, if n>m=2 or m=n>2,

v (GoH) >y (K,K,) zn_[i—l, if n>m>2.

m—

In the same paper, it was
w(K,0K,)=n+1 if n>3, and w(KK,)=5,

l//(KﬂK”):F?nJ if n>4. In [10-12], the achromatic

proved that



numbers (K 4HKH) and v (KSHKH) were determined. In
general, the achromatic number of the Cartesian product of
K and K isunknown.

A proper edge-coloring of a graph G with colors
1,...,t is called a complete edge ¢ — coloring if for every
pair of colors i and j, there are two edges with a common
vertex, one colored by i and the other colored by j. The
achromatic index w'(G) of G is the largest value of ¢ for
which G has a complete edge ¢ — coloring. Clearly, for any
graph G, w'(G) =y (L(G)). In [2,4,13], the achromatic

indices of complete and complete multipartite graphs are
investigated. In this paper we investigate the achromatic
indices of various graph products.

2. MAIN RESULTS

First we consider achromatic numbers and indices of
Cartesian products of graphs, and we prove the following
results.

Theorem 2. If y (G) =y (H) = n, then
y(GoH) 2y’ (K,) +1.
Theorem 3. For any graphs G and H,
v (GIH)2y'(G)+y'(H).
Next we consider achromatic indices of the tensor
products of graphs, and we improve the result of Hell and

Miller for line graphs.
Theorem 4. For any graphs G and H,

v'(Gxt) 2 y'(G)-y'(H).
We also obtain a similar result for strong tensor
products of graphs.
Theorem 5. For any graphs G and H,

v'(GeH) 2y (G)+y'(G)-y'(H).

Next we investigate achromatic indices of the strong
products of graphs. In particular, we prove the following
result.

Theorem 6. For any graphs G and H,

' (GlxlH ) =y (G)+y' (H)+y'(G) ' (H).
Corollary 1. For any m,n € N,
v'(K,.) 2w (K,)+v'(K) vy (K,)-v'(K,).
Corollary 2. Forany n € N,
v'(K,,)>2-w'(K,)+1.
Finally we investigate achromatic indices of the
composition of graphs. In particular, we prove the following

results.
Theorem 7. For any graph G and n € N,

v'(6[K])2v'(6)+y'(6) w'(K,).
Theorem 8. If H is a regular graph, y'(H) = A(H)
and ‘V(H)‘ = n, then for any graph G,
v'(G[H]) 2w (6)+ ' (H)+y' (G) ' (K,).
Corollary 3. If A is a regular bipartite graph and
‘V(H)‘ = n, then for any graph G,

v'(G[H]) 2" (G)+ x'(H)+w' (G)-w'(K,).

REFERENCES

[1] H. Bodlaender, "Achromatic number is NP — complete
for cographs and interval graphs", Inform. Proc. Lett. 31, pp.
135-138, 1989.

[2] A. Bouchet, "Indice achromatique des graphes multiparti
complets et reguliers", Cahiers Centre d'Etudes et Recherche
Operationnelli 20 (3-4), pp. 331-340, 1978.

[3] N.-P. Chiang, H.-L. Fu, "On the achromatic number of
the Cartesian product G, xG,", Australasian Journal of
Combinatorics 6, pp. 111-117, 1992.

[4] N.-P. Chiang, H.-L. Fu, "The achromatic indices of the
regular complete multipartite graphs", Discrete Math. 141,
pp. 61-66, 1995.

[5] M. Farber, G. Hahn, P. Hell, D. Miller, "Concerning the
achromatic number of graphs", Journal of Combin. Theory,
Ser. B 40, pp. 21-39, 1986.

[6] R. Hammack, W. Imrich, S. Klavzar, "Handbook of
Product Graphs", Second Edition, CRC Press, 2011.

[7] F. Harary, S.T. Hedetniemi, "The achromatic number of a
graph", Journal of Combin. Theory, Ser. B 8, pp. 154-161,
1970.

[8] F. Harary, S.T. Hedetniemi, G. Prins, "An interpolation
theorem for graphical homomorphisms", Portug. Math. 26,
pp. 453-462, 1967.

[9] P. Hell, D. Miller, "Achromatic numbers and graph
operations", Discrete Math. 108, pp. 297-305, 1992.

[10] M. Hornak, S. Pcola, "Achromatic number of
K, x K for large n", Discrete Math. 234, pp. 159-169,
2001.

[11] M. Hornak, S. Pcola, "Achromatic number of
K, x K for small n", Czechoslovak Math. Journal 53, pp.
963-988, 2003.

[12] M. Hornak, J. Puntigan, "On the achromatic number of
K xK " in: Graphs and Other Combinatorial Topics,

Proc. of the third Czechoslovak Symposium on Graph
Theory, Prague, August 24-27, 1982, (M. Fiedler, ed.)
Teubner, Leipzig, pp. 118-123, 1983.

[13] R.E. Jamison, "On the edge achromatic numbers of
complete graphs", Discrete Math. 74, pp. 99-115, 1989.

[14] D. Manlove, C. McDiarmid, "The complexity of
harmonious coloring for trees", Discrete Appl. Math. 57, pp.
133-144, 1995.

[15] D.B. West, "Introduction to Graph Theory", Prentice-
Hall, New Jersey, 2001.



