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ABSTRACT

In this paper a new method for construction of
irreducible polynomial over finite fields of odd
p = 2™ + 1 characteristics is presented, m is a
natural number.
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1. INTRODUCTION

The problem of presenting a fast, effective
algorithm  for  constructing irreducible
polynomials over the finite field is one of the
challenging and important problems in
computer algebra, coding theory, cryptography
and theory of finite fields.

Let F, be the Galois field of order g = p®,
where p = 2™ + 1 is an odd prime, s and m are
natural numbers. The aim of this paper is to
present a new method for constructing
irreducible polynomials over F,. Of more
relevance to our study are the Corollary 3.6[2]
and the Theorem (Cohen) 3.7 in [2], where it
was established under what conditions F(x) =

g (X)P(f(x)/g(x)) is irreducible.

We formulate the result as Theorem 2.

2. CONSTRUCTING
IRREDUCIBLE POLYNOMIALS

We consider especially the case, when
the characteristic of Galois field is 3.

Theorem 1.Let g©@(x) = ¥"_,a®Px* € F,[x]
be the minimal polynomial of an element a €
Fgqn overFg, i. e.the irreducible polynomial of
degree n >1, of order e, and with at least one

coefficient aggll #0 (0 <is< ED L. Then the

polynomials of degree n

n 2j

900 = (D" ) N (el VafT)w

j=0u=0

where a,ﬂk_l) and ag'j:i) are coefficients of
g D) =3 al D minimal
polynomial of an elemet a2, is the minimal
polynomial of a?“and is of the order ey =

€k-1

sederD forevery k > 1.

Proof. According to Theorem 8[1] (Proposition
3[3)), if g©@(x) is the minimal polynomial of
a, then

n 2j
gV = (D7) Y (~D*alaf) Xl (1)
j=0u=0

1 [x] isthe largest integer less than or equal to x and [x] is
the smallest integer greater or equal to x.



polynomial is the minimal polynomial of a?,
therefore, it is irreducible polynomial.

Moreover the e; order of g™ (x) is equal to
€o
ged(eo,2)’

As the coefficients of g™ (x) are from F,, we
can write

n

gP(x) = Z as)x” € Fy[x].
u=0
Based on a view of (1), especially on the
i~ (0) (0) i
coefficient (-1)"a, "a,;_, of x/ ,if at least

Q)]
2i+1

will have at least one coefficient a

one coefficient a,» . # 0 of g©®(x), then we

gll # 0 of
g®(x). And so implying the proof of
Theorem 8[1] on the polynomial g™ (x), we
can show that

n 2j

9P = (- 1)”22( D aPa 1

j=0u=0

is the minimal polynomial of a* and of order

€1
ged(ey,2)’

32:

With the same logic are constructed the
minimal polynomials of a2 for every k > 3.

Theorem 2. Let g©@(x) =¥ ,aVx* €
F,[x] be the minimal polynomial of an element

Ip(a11)/a(1)) 1

and agl) are coefficients of the minimal g™ (x)
polynomial of an element a? € Fqn.Then

a €Fpm T where a;

Flx) = xng(l) (xp — 1)

X

polynomial is irreducible.

Proof. Using the irreducibility of polynomial
g (x) over F,;, we have the folowing relation
over the field F 4n

n-1

gP(x) = n(x — @21,

u=0

: o P
In the last relation substituting le for x, we
have

)= [ ) o

u=0

Multiplying the both sides of (2) by x™, we
have

P _ n P _
s ()=o)
X X

and then making some trivial operations in
the right-hand side, we obtain

F(x) = x"g® (xp — 1)

X

n-1
= H(xp —a?@x —1).
u=0

According to Theorem (Cohen) 3.7[2], F(x) is
irreducible over F, if and only if x? — a®x — 1
is irreducible over F n.

From the theorem requirement we have
Trq|p< (1)/a(1)) # 0, hence
p
Trgnyp(1/aP) = (TT'qn|p(1/(Z))
p
= (Trqlp(Trq”Iq(l/“)))

— (P %0



Thus, due to Corollary 3.6[2], xP — a?x — 1 is
irreducible over Fgn, hence F(x) is irreducible.

With the same analogy we can construct

xP -1
F(x) = x"g(1)< " )

irreducible polynomial over F, for any prime
p=2"+1 and q = p®, where s and m are
natural numbers and g™ (x) is the minimal
polynomial of a2 *1.

3. CONCLUSION

In this paper we are constructing

xp—l)

Flx) = x" (1)(
(x) =x"g .

irreducible  polynomial over  F3s,where
g®(x) is the minimal polynomial of o? €
Fgn, but with the same analogy we can
construct over Fm,qys field.
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