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ABSTRACT

Under  certain conditions  on the coefficients

Aj(t,Xl,...,Xn) for the solution U(t, X, ,..., X,) of the

first boundary problem for the hyperbolic equations, the

paper proves the estimation of high degree energy

E(t,,v,) <CE(t,,v,), t, 21, with a constant C
ou

independent of t, where Vp = W

Keywords
High degree energy, hyperbolic equations, estimation, first
boundary problem.

1. INTRODUCTION
Let €2 denote the bounded domain in the space R" with
rather flat curve 0Q. Q= [0,0) xQ —is a

cylinder in the space (t ,R"), with lateral surface
S=[0, ) x Q2 Q=[0,00)xQ and
Q=Quan.

Let 0<t, <t Q,, ={(x1), where
XeQ,t, <t<t}is a cylinder with basis Q,,
Q,(Q, ={(xt),xeQ j=12}) ad wit

lateral surface S, = [t,,1,] x 6Q2.

Let's consider the function U(t, X), which is a solution
of the following problem in Q .

2 @
ot
(2)
u |t:0: (D(Xl""’ Xn)
3
A 3
r o= (Xp1es X,)
(4)
uls="0
where

Lu = Zn:i(AJ (TR Xn)sx—u)

520X i

is a symmetric elliptic operator, which means that the

coefficients Ay = A,; are functions defined in Q with

ji
some constants 0 < ¥, < ¥, and the following inequality
takes place:

7/1Zn:§i2 < iAu (tfxl’---ixn)fiégj < 7/2_Zn:§i2 ,

i= i,j=1

V(t,x) € Q ()

We will assume that ¢, i/ are chosen so that the solution
of the problem (1) — (4) is sufficiently smooth.

The following expression is called energy of p-order:



Ewwh{K 2(p)w9

p
where v, :Zt—g, Vo=Uu, p=01..

and U is the solution of (1) — (4).

2. THE ESTIMATION OF HIGH
DEGREE ENERGY
It is well known (see [1-5]), that if A (t, X;,...,X;),

i, j =1,...,n do not depend on t, then the following
theorem takes place.

Theorem 1: There always exists such a constant C >1 so
that for all 0 <t, <t , the following inequality takes

place: E(t,,v,) <cE(t,,v,),p=0, 1.

Now we will consider the case where A (t, X s X))

has the following type:
Aij (t’ Xl!"'1 Xn) = BIJ (Xl""’ Xn) +

a; (6 X0 X)) -

In this case we have proved that the following theorem is
true.

Theorem 2: If for some coefficients C, >0 and

C, > 0, the following two conditions are being satisfied:

ZSupjmax|i|dr<cl, p=0, (6)

ij=1 t

and

Zngpf(maxliHm |at A Dde

<¢C, p>0, (6%)

then there always exists such a constant C > 0 so that for
all 0<t, <t forthe solution of the problem (1) — (4)

E(t,,v,) <CE(t,,Vv,), @)
o°u

where Vp =—-,
otP

3. PROPERTIES
3.1. Dependency on the initial conditions

In the set of solutions for the problem (1) — (4) let us define
the following function which depends on parameter 1

(uyv) = I(utvt + Zn: u, v, )dQ,

It is very easy to show that it meets all the requirements
of scalar product on each section Qt . For that it’s only
needed to show that the following conditions are being
satisfied on each section Qt .

e (WU =0 and (UU)=0<=>u=0
(uv) = (v.u)
. (@ u,v)= o (uyv)

(U, +U,,Vv)=(U;,V)+(U,,V)

In this case, for the solution of equation (1), the norm can be

defined as the following value:

[|ull(®) = y(u,u)

Theorem 3: The solution of the first boundary problem for
equation (1) is continuously dependent on the initial
conditions:

Ve>0 35=5() |lu—U, ||, <8 =>

”ul_u2 ” |t<g in Q.

Proof:

o, & u,
atg _I%:lax (A](t7 110 ) ) 0

21 Za<%0&, )“0 0

i,j=1

Ul = @(X,n X))

U 1o = @2 (Kpses X,)
ou

atl lico = Wi (Xpses X5)
ou

at2 lioo = W (X X,)
UllsT =0

UzlsT:O



Letusdenote U = U,- U,

Since
lull* (®) = E(tu) <
lu,—u, I* (0) <cé*,

cE(O,u)=c

hence ||U,—U, ||(t) < &.

3.2. lllustrating example
Now we will show that in the Theorem of 2 conditions (6),

(6 *) to some extent also are necessary, that is if do not take
place (6) and (6 *) energy is not limited. For this purpose we

will consider the following example.

Uy —(2+4t*)u,, =0 (8)
The first boundary problem for the equation (8) is like the
following:
It is required to find such a  function

u(t,x) eC*(Q ) Cl(Q_T) , Which satisfies the
equation (8) in  Qy , where:

- = (0,T)x(0,7), Q =[0,T]x[0,7]

and the following also takes place:

U_o=Ssin X 9)
ou

at lio=0 (10)
initial and

Ulo=Uly, (11)

boundary conditions.

In the Theorem 2 we supposed that coefficients Aij have

the following form:
Aij(t’xl1"'1xn) = Bij(Xl,...,Xn) +

;i (6, X, X)) 5 ie By (X, X)) =2,

2
a; (t, X X)) = A1 and it s clear that in Teorema2

condition (6) does not take place because

IST dz = 41t?,i.e. the condition (6) does not take

place.

2 .
It is not difficult to notice that U(t, X) = €' Sin X is the

solution of equation (8).

Let us calculate the energy:
Et,u) = J [(—)

t2e2t" Ism xdx +e? jcoszxdx:

4t2e2t2-|'1 Ccos 2X

J-1+c052x

0
T 2

+=e%
2

that means that energy is not limited.
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"Inequalities",

)z]dx = .7|E[(2teI2 sinx)? + (e* cos x)





