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ABSTRACT 
Under certain conditions on the coefficients

),...,,( 1 nij xxtA  for the solution ),...,,( 1 nxxtu  of the

first boundary problem for the hyperbolic equations, the 

paper proves the estimation of high degree energy 

),(),( 21 pp vtCEvtE  , 21 tt   with a constant  C
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1. INTRODUCTION

Let  denote the bounded domain in the space
nR  with

rather flat curve  .  Q = ),0[      – is a 

cylinder in the space (t , nR ), with lateral surface 

S= ),0[    ,  ),0[Q  and

  .  

Let 0 12 tt  , 
21ttQ ),,{( tx  where

,x }12 ttt  is a cylinder with basis
1t

 , 

2t
 (  2,1,),,(  jxtx jt j

) and with 

lateral surface
21ttS = ],[ 12 tt   . 

Let's consider the function u(t, X), which  is a solution 

of the following problem in Q :  
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is a symmetric elliptic operator, which means that the 

coefficients ijA   jiA  are functions defined in Q  with 

some constants 210   and the following inequality

takes place: 
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We will assume that ,  are chosen so that the solution

of the problem (1) – (4) is sufficiently smooth. 

The following expression is called energy of p-order: 





































0|

),....,(|

),...,(|

10

10

2

2

S

nt

nt

u

xx
t

u

xxu

Lu
t

u







t

i

p
n

i

p

p

t

d
x

v

t

v
vtE 









  

 

])()[(),( 2

1

2  ,  

where 
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and u  is the solution of (1) – (4). 

2. THE ESTIMATION OF HIGH

DEGREE ENERGY 

It is well known (see [1-5]), that if A ),...,,( 1 nij xxt ,  

nji ,...,1,   do not depend on t, then the following

theorem takes place. 

Theorem 1: There always exists such a constant 1c  so

that for all 120 tt  , the following inequality takes

place: ),( 1 pvtE ),( 2 pvtcE , p = 0, 1....

Now we will consider the case where A ),...,,( 1 nij xxt

has the following type:

 A ),...,,( 1 nij xxt  = ),...,( 1 nij xxB  + 

),...,,( 1 nij xxt . 

In this case we have proved that the following theorem is 

true. 

Theorem 2: If for some coefficients 01 c  and

02 c , the following two conditions are being satisfied: 

 


 

n

ji

t
ij

xt

d
t

A

1, 0

||maxsup   < 1c  ,    p = 0,       (6) 

and 

 
 



 






n

ji

p

l

t

i

l

ij

l

x
l

ij

l

xt

d
xt

A

t

A

1, 1 0

1

|)|max||max(sup   

< 2c  , p > 0,        (6*) 

then there always exists such a constant 0C  so that for

all  120 tt   for the solution of the problem (1) – (4)

),( 1 pvtE ),( 2 pvtCE ,          (7) 
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3. PROPERTIES

3.1. Dependency on the initial conditions 

In the set of solutions for the problem (1) – (4) let us define 

the following function which depends on parameter t: 

(u,v) =  
 



t

ii t

n

i

xxtt dvuvu )(
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It is very easy to show that it meets all the requirements 

of scalar product on each section t . For that it’s only

needed to show that the following conditions are being 

satisfied on each section t : 

 (u,u)   0   and  (u,u) = 0  <=>  u   0

 (u,v) = (v,u)

 ( u, v) =  (u,v)

 ( vuu ,21  ) = ( vu ,1 ) + ( vu ,2 ) 

In this case, for the solution of equation (1), the norm can be 

defined as the following value: 

||u||(t) = ),( uu

Theorem 3: The solution of the first boundary problem for

equation (1) is continuously dependent on the initial 

conditions: 

0    )(    |||| 21 uu  0| t  <    => 

|||| 21 uu  t| <    in  Q . 

Proof: 
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1u | 0t  = ),...,( 11 nxx  

2u | 0t  = ),...,( 12 nxx

t

u
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1u |
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Let us denote  u = u 1 - u 2 .  

Since 

|| u 2|| (t) = E(t,u)   cE(0,u) = c 

|| u 1 u 2 )0(||2  < c 2  , 

 hence  || u 1 u 2 || (t) <  . 

 

3.2. Illustrating example 
Now we will show that in the Theorem of 2 conditions (6), 

(6 *) to some extent also are necessary, that is if do not take 

place (6) and (6 *) energy is not limited. For this purpose we 

will consider the following example. 

0)42( 2  xxtt utu        (8) 

The first boundary problem for the equation (8) is like the 

following: 

It is required to find such a function 

)()(),( 12

TT QCQCxtu  , which satisfies the 

equation (8) in  TQ , where: 

 TQ  = ),0(),0( T ,  TQ = ],0[],0[ T  

 and the following also takes place: 

xu t sin| 0              (9) 

0| 0
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t

u
       (10) 

initial and 

0|| 0   xx uu       (11) 

boundary conditions.  

 

In the Theorem 2 we supposed that coefficients ijA  have 

the following form:  

A ),...,,( 1 nij xxt  = ),...,( 1 nij xxB  + 

),...,,( 1 nij xxt ,  i.e.  ),...,( 1 nij xxB  = 2 , 

),...,,( 1 nij xxt  = 4
2t  and it is clear that in Teorema2 

condition (6) does not take place because  

 
t

0

8 d  = 4 2t , i.e. the condition (6) does not take 

place.  

 

It is not difficult to notice that xextu t sin),(
2

  is the 

solution of equation (8). 

 

Let us calculate the energy: 
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that means that energy is not limited. 
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