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ABSTRACT

An edge-coloring of a graph G with colors 1,...,¢ is an
interval t-coloring if all colors are used, and the colors
of edges incident to each vertex of G are distinct and
form an interval of integers. A graph G is interval col-
orable if it has an interval t-coloring for some positive
integer t. The problem of deciding whether a bipartite
graph is interval colorable is NP-complete. The small-
est known examples of interval non-colorable bipartite
graphs have 19 vertices. On the other hand it is known
that the bipartite graphs on at most 14 vertices are in-
terval colorable. In this work we observe that several
classes of bipartite graphs of small order have an inter-
val coloring. In particular, we show that all bipartite
graphs on 15 vertices are interval colorable.
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1. INTRODUCTION

In this paper we consider only finite, undirected graphs,
without loops and multiple edges. V(G) and E(G) de-
note the sets of vertices and edges, respectively. The
degree of the vertex v € V(G) is denoted by de(v). The
concepts and notations not defined here can be found
in [15].

A proper edge-coloring of a graph G is a coloring of
the edges of G such that no two adjacent edges receive
the same color. If a is a proper edge-coloring of G and
v € V(G), then by S(v, a)) we denote the set of colors of
the edges incident to v. The largest color of S(v, @) is
denoted by S(v,a). A proper edge-coloring of a graph
G with colors 1, ...,t is called an interval ¢-coloring if all
colors are used, and for any vertex v € V(G), the set
S(v,a) is an interval of integers. A graph G is interval
colorable if it has an interval t-coloring for some ¢ € N.
The set of all interval colorable graphs is denoted by 1.

The concept of interval edge-coloring of graphs was in-
troduced by Asratian and Kamalian [1, 2]. In [9], Ka-
malian proved that all complete bipartite graphs and
trees are interval colorable. In [11, 13], it was shown
that n-dimensional cubes have interval ¢-coloring if and
only if n < t < w In [14], Sevastjanov proved
that it is an NP-complete problem to decide whether a
bipartite graph has an interval coloring or not.
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Figure 1: Interval non-colorable bipartite graph
F on 19 vertices

In [5] Hansen proved that every bipartite graph G with
A(G) < 3 is interval colorable. In [8] Jensen and Toft
formulated the following question: is there an inter-
val non-colorable bipartite graph G with 4 < A(G) <
12?7 A partial answer to this question was given by
Petrosyan and the first author in [12]. In particular
they constructed two interval non-colorable bipartite
graphs, G and H, where |V(G)| = 20, A(G) = 11,
and |V(H)| = 19, A(H) = 12. Another example of
interval non-colorable bipartite graph F' on 19 vertices
(Fig. 1) was discovered by Mirumyan in 1989, but was
not published, and was independently found by Giaro,
Kubale and Malafiejski in [7]. On the other hand, in
[6] it was shown that all bipartite graphs on at most 14
vertices are interval colorable. Based on these results
the following problem was posed in [12]:

Problem 1. Is there a bipartite graph G with 15 <
|[V(G)| <18 and G ¢ N7

In this work we partially solve this problem by showing
that all bipartite graphs on at most 15 vertices are in-
terval colorable. We also show that some other classes
of bipartite graphs of small order are interval colorable.

2. RELATED WORK

In 1999, Giaro [6] used computer search to show that
the following result holds.

Theorem 1. All bipartite graphs of order at most 14
are interval colorable.



In [7] it was observed that the both parts of an interval
non-colorable bipartite graph should be relatively large.

Theorem 2. If G is a bipartite graph with bipartition
(X,Y) and min{|X|,|Y|} < 3, then G € N.

Several algorithms for finding a generalized version of
interval edge-colorings of graphs are presented and com-
pared in [3].

3. IMPLEMENTATION DETAILS

We use a computer search to look for interval non-
colorable graphs of small order. First we generate a
set of candidate graphs, then we try to color them us-
ing distributed computing system, and finally we double
check the obtained colorings for possible errors.

3.1 Graph generation

We use the nauty package [10] to generate the graphs.
In particular, genbg program from the package gener-
ates all bipartite graphs according to the given biparti-
tion. Moreover, it allows to specify the minimum and
maximum degrees of the graphs, whether the generated
graphs should be connected and several other options.

3.2 Distributed computing

In order to color the generated graphs we use Crowd-
Process, a web-based distributed computing system [4].
CrowdProcess provides an easy to use interface and
REST API to submit a program written in JavaScript
language together with a list of tasks as a JSON file.
It distributes the program and the tasks to multiple
computers (between 1000 and 5000 computers during
our experiments), gathers the results and passes back
through a web interface or an API. Most of the graphs
are colored in less than 1 millisecond, so we send up to
200 graphs for each computer.

3.3 Coloring algorithm

We represent the bipartite graph G with bipartition
(X,Y) and its coloring as a biadjacency matrix B(G) =
(bij)nxm, where | X| = n and |Y| = m. Here b;; is the
color of the edge joining the i-th vertex of X and the
j-th vertex of Y, if the edge exists, and is set to 0 oth-
erwise. We use backtracking to fill in the matrix with
colors. At each step we calculate the set of possible col-
ors for the current matrix cell (by taking into account
already colored edges). We color the edge by a ran-
domly selected color from the set of possible colors and
move to the next cell. If for some edge the set of possi-
ble colors is empty, we return to the previous edge and
change the color (if there still exists a color in the set of
possible colors). The algorithm stops when all the edges
are colored, or when all the possibilities are tested and
the graph has no interval coloring. In practice the latter
never happens because CrowdProcess puts a 5 minute
time limit on the computation per computer.

3.4 Verification

After downloading the colorings from CrowdProcess we
use a C++ program to verify the colorings. We dis-
covered one case when the coloring returned from the
CrowdProcess contained an error. We do not know how
such an error could occur. We use one more C++ pro-
gram to gather the graphs which were not colored (due
to an error in the coloring or timeout) and send them

Figure 2: Interval non-colorable bipartite graph
H on 19 vertices

again. We repeat this process until all the graphs are
colored.

4. RESULTS

Let § be some set of bipartite graphs. Denote by C(F)
the set of all connected bipartite graphs from § having
minimum degree at least 2 and having at least 4 ver-
tices on each of its parts. Also let M (F) be the set of
all graphs obtained by taking any graph G € § and re-
moving any vertex from it. The following lemma holds.

Lemma 1. If for any set of bipartite graphs §, all
graphs from the sets M(F) and C(F) are interval col-
orable, then all graphs from § are also interval colorable.

Let G be a bipartite graph from the set §. If G € C(F),
then it is interval colorable. Otherwise it is discon-
nected, has a minimum degree 1, or has less than 4
vertices on at least one of its parts. If G is discon-
nected, then each of its connected components belongs
to M(F), so the union of the colorings of the connected
components will be a coloring of G. If there exists some
pendant edge wv € E(G), where dg(v) = 1, then we
take the coloring « of the graph G — v (which belongs
to M(J)) and color the edge uv by the color S(u, a)+1.
Finally, if one of the parts of G has less than 4 vertices,
then G is interval colorable by Theorem 2. []

Theorem 3. All bipartite graphs on 15 vertices are in-
terval colorable.

Let § be the set of all bipartite graphs on 15 vertices.
All graphs from the set M (F) are interval colorable due
to Theorem 1. According to Lemma 1 it is sufficient to
show that all graphs from the set C(§) are interval col-
orable. The number of graphs in the set C(F) is 288 643
868. We color them all by using a computer algorithm
described in the previous section. Some details of the
performed computation are presented in Table 4.

Theorem 4. All bipartite graphs having 4 vertices on
one part and up to 15 wertices on the other part are
interval colorable except for the graph F in Fig. 1.



No. of vertices | No. of graphs | CPU hours
4 /11 16308 3.04
5/ 10 1583646 146.35
6/9 43739172 340.51
7/8 243304742 15537.42

Table 1: Details of the computation for color-
ing bipartite graphs of order 15. CPU hours are
reported by CrowdProcess

No. of vertices | No. of graphs | CPU hours
4 /12 29515 4.96
4 /13 51616 19.19
4/ 14 87609 96.95
4 /15 144766 N/A

Table 2: Details of the computation for coloring
bipartite graphs having 4 vertices on one part
and j vertices on the other part, 12 < j < 15.
CPU hours are reported by CrowdProcess

Let §i,; be the set of all bipartite graphs with bipartition
(X,Y) where |X| =4 and |Y| = j, i,5 € N. Note that
M(Fi,;) = Fi—1,; UFi,j—1, for any 4,5 > 1. We need to
prove that all graphs from the sets §4,;, 12 < j < 15, are
interval colorable except for the graph F' from Fig. 1.
Note that all the graphs from the sets §3,; are interval
colorable due to Theorem 2. All graphs from the set
$4,11 are also interval colorable due to Theorem 3. We
use the computer algorithm described in the previous
section to color all graphs from the sets C(F4,5), 12 <
j < 15, except for the graph F. The details of the
computation are presented in Table 4. To complete the
proof, we iteratively apply Lemma 1 to the sets §4,;, for
j=12,13,14,15.

5. FUTURE WORK

Different algorithms can be tried to find interval color-
ings of the graphs even faster. In fact, the experiments
show that most of the graphs have many different in-
terval colorings and possibly some approximation algo-
rithms will be sufficient to find colorings easily. So far
we have tried algorithms based on simulated annealing
with no luck.

Currently we are working on coloring the bipartite graphs
on 16 vertices. The number of such graphs after filtering
out easily colorable ones (similar to the case of 15-vertex
bipartite graphs) is 12 322 367 816. We have colored
more than 98% of these graphs, but still it cannot be
excluded that there exist interval non-colorable graphs
on 16 vertices.
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