
On Interval Cyclic Colorings of Bipartite Graphs

ArmenS. Asratian
Department of Mathematics,
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ABSTRACT
A proper edge-coloring of a graph G with colors 1, . . . , t
is called an interval (interval cyclic) t-coloring if all
colors are used, and the edges incident to each vertex
v ∈ V (G) are colored by dG(v) consecutive colors (mod-
ulo t), where dG(v) is the degree of a vertex v in G.
A graph G is interval (interval cyclically) colorable if
it has an interval (interval cyclic) t-coloring for some
positive integer t. An (a, b)-biregular bipartite graph
G is a bipartite graph G with the vertices in one part
all having degree a and the vertices in the other part
all having degree b. In 1995, Toft conjectured that all
biregular bipartite graphs are interval colorable. This
conjecture remains open even for (4, 3)-biregular bipar-
tite graphs. Recently, Casselgren and Toft suggested
the following weaker version of the Toft’s conjecture:
all biregular bipartite graphs are interval cyclically col-
orable. They also proved this conjecture for all (8, 4)-
biregular bipartite graphs. In this paper we prove the
last conjecture for all (a, b)-biregular bipartite graphs
when (a, b) ∈ {(5, 3), (6, 4), (7, 4), (8, 6)}.

Keywords
Edge-coloring, interval coloring, interval cyclic coloring, 
bipartite graph, biregular bipartite graph

1. INTRODUCTION
All graphs considered in this paper are finite, undi-
rected, and have no loops or multiple edges. Let V (G)
and E(G) denote the sets of vertices and edges of a
graph G, respectively. The degree of a vertex v ∈ V (G)
is denoted by dG(v), the maximum degree of G by ∆(G)
and the chromatic index of G by χ′(G). An (a, b)-
biregular bipartite graph G is a bipartite graph G with
the vertices in one part all having degree a and the ver-
tices in the other part all having degree b. The terms
and concepts that we do not define can be found in [3,
14, 23].

A proper edge-coloring of a graph G is a coloring of the
edges of G such that no two adjacent edges receive the
same color. A proper edge-coloring of a graph G with
colors 1, . . . , t is an interval t-coloring [1] if all colors are
used, and the edges incident to each vertex v ∈ V (G)

are colored by dG(v) consecutive colors. A graph G is
interval colorable if it has an interval t-coloring for some
positive integer t. The set of all interval colorable graphs
is denoted by N. The concept of interval edge-coloring
of graphs was introduced by Asratian and Kamalian
[1] in 1987. In [1], they proved that if G ∈ N, then
χ′ (G) = ∆(G). Asratian and Kamalian also proved
[1, 2] that if a triangle-free graph G has an interval t-
coloring, then t ≤ |V (G)|−1. In [8, 9], Kamalian inves-
tigated interval colorings of complete bipartite graphs
and trees. In particular, he proved that the complete bi-
partite graph Km,n has an interval t-coloring if and only
if m+n−gcd(m, n) ≤ t ≤ m+n−1, where gcd(m, n) is
the greatest common divisor of m and n. In 1995, Toft
conjectured that all biregular bipartite graphs are inter-
val colorable. It is known that this conjecture is true for
all (a, b)-biregular bipartite graphs with min{a, b} = 2
[5, 6, 10]. In 2014, Casselgren and Toft [4] have proved
that the conjecture is also true for all (6, 3)-biregular
bipartite graphs. Nevertheless, the conjecture remains
open even for (4, 3)-biregular bipartite graphs [7]. In
[17], Petrosyan investigated interval colorings of com-
plete graphs and hypercubes. In particular, he proved

that if n ≤ t ≤ n(n+1)
2

, then the hypercube Qn has an
interval t-coloring. Later, in [18], it was shown that the
hypercube Qn has an interval t-coloring if and only if

n ≤ t ≤ n(n+1)
2

. In [21], Sevast’janov proved that it is
an NP -complete problem to decide whether a bipartite
graph has an interval coloring or not.

A proper edge-coloring of a graph G with colors 1, . . . , t
is called an interval cyclic t-coloring if all colors are used,
and the edges incident to each vertex v ∈ V (G) are col-
ored by dG(v) consecutive colors modulo t. A graph G is
interval cyclically colorable if it has an interval cyclic t-
coloring for some positive integer t. For a graph G ∈ Nc,
the least and the greatest values of t for which it has
an interval cyclic t-coloring are denoted by wc(G) and
Wc(G), respectively. This type of edge-coloring under
the name of “π-coloring”was first considered by Kotzig
in [13], where he proved that every cubic graph has a π-
coloring with 5 colors. However, the concept of interval
cyclic edge-coloring of graphs was explicitly introduced
by de Werra and Solot [22]. In [22], they proved that
if G is an outerplanar bipartite graph, then G has an
interval cyclic t-coloring for any t ≥ ∆(G). In [15],
Kubale and Nadolski showed that the problem of de-
termining whether a given bipartite graph is interval
cyclically colorable is NP -complete. Later, Nadolski



[16] showed that if G is interval colorable, then G has
an interval cyclic ∆(G)-coloring. He also proved that if
G is a connected graph with ∆(G) = 3, then G ∈ N and
wc(G) ≤ 4. In [11, 12], Kamalian investigated interval
cyclic colorings of simple cycles and trees. For simple
cycles and trees, he determined all possible values of t
for which these graphs have an interval cyclic t-coloring.
In [20], Petrosyan and Mkhitaryan investigated interval
cyclic colorings of graphs. In particular, they proved
that if G is a triangle-free graph with at least two ver-
tices and G ∈ Nc, then Wc(G) ≤ |V (G)| + ∆(G) − 2,
and this upper bound is sharp. They also showed that
all complete bipartite and tripartite graphs are interval
cyclically colorable.

In this paper, we first show that all bipartite graphs with
maximum degree at most 4 are interval cyclically col-
orable. Next, we prove that: 1) if G is a (5, 3)-biregular
bipartite graph, then it has an interval cyclic coloring
with at most 6 colors; 2) if G is a (6, 4)-biregular bi-
partite graph, then G has an interval cyclic 6-coloring.
Finally, we show that: 1) if G is a (7, 4)-biregular bipar-
tite graph, then it has an interval cyclic coloring with
at most 8 colors; 2) if G is an (8, 6)-biregular bipartite
graph, then G has an interval cyclic 8-coloring.

2. MAIN RESULTS

First we consider bipartite graphs with a small maxi-
mum degree. It is known [5] that if G is a bipartite
graph with ∆(G) ≤ 3, then G ∈ N. On the other
hand, in [19] Petrosyan and Khachatrian proved that
for any integer ∆ ≥ 11, there exists a bipartite graph
G such that G /∈ N and ∆(G) = ∆. The cases of ∆,
4 ≤ ∆ ≤ 10, are still unsolved [7, 19]. Nevertheless, we
show that all bipartite graphs with maximum degree 4
are interval cyclically colorable.

Theorem 1. If G is a bipartite graph with ∆(G) = 4,
then G ∈ Nc and wc(G) = 4.

In [4], Casselgren and Toft proved that all (6, 3)-biregular
bipartite graphs are interval colorable. Now we consider
biregular bipartite graphs with maximum degree 5 or 6.

Theorem 2. If G is a (5, 3)-biregular bipartite graph,
then G ∈ Nc and wc(G) ≤ 6.

Theorem 3. If G is a (6, 4)-biregular bipartite graph,
then G ∈ Nc and wc(G) = 6.

In [4], the authors proved that all (8, 4)-biregular bipar-
tite graphs are interval cyclically colorable. For bireg-
ular bipartite graphs with maximum degree 7 or 8, we
prove that the following results hold.

Theorem 4. If G is a (7, 4)-biregular bipartite graph,
then G ∈ Nc and wc(G) ≤ 8.

Theorem 5. If G is an (8, 6)-biregular bipartite graph,
then G ∈ Nc and wc(G) = 8.
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