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ABSTRACT

A cap in a projective or affine geometry over a finite field F,
is a set of points no three of which are collinear. We give
some new construction for caps in affine space AG(n,3),
which lead to some new lower bounds on the possible
maximal cardinality of caps.
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1. INTRODUCTION

A cap in a projective PG(n, q) or affine AG(n,q) geometry
over a finite field F; is a set of points no three of which are
collinear. The main problem in the theory of caps is to find
the maximal size of a cap in PG(n,q) or AG(n,q). This is
also known as the packing problem. In this paper s, , and
Spq denotes the size of the largest caps in AG(n,q) and
PG(n,q), respectively. Presently, only the following exact
values are known: s, , = s, = 2", 55, =5;,=q + 1ifq
is odd, s, =53, =¢q+2 if q iseven, and s3, = q* +
1,534 = q* [1,2]. Aside of these general results the precise
values are known only in the following cases: sy3 = s53 =
20[3], s53 =56 [4], s53 =45 [5], s44 =41[6], s63 =
112 [7], s73 =236 [8], s73 = 248 [9]. In the other cases,
only lower and upper bounds on the sizes of caps in
AG(n,q) and PG(n,q) are known [12, 13, 14]. Finding the
exact value for s, , and sy, in general case seems to be a
very hard problem [10,11]. There are many well-known
constructions (doubling, product and recursive) which allow
to create large high-dimensional caps based on large low-
dimensional caps [12,13,14,15,16,17,18,19,20]. In this paper
we give some new construction for caps in affine space
AG(n,3), which lead to some new lower bounds on the
possible maximal cardinality of caps.

2. MAIN RESULTS

It is easy to see that if S is a cap in AG(n,3) then for any
triple of distinct points «, B,y € S, a + § + y # 0(mod3).
We will introduce two auxiliary sets, which will be
important in our consideration. Let’s denote by B, =
{(ay, ..., ay) /a; = 0,1} and by B, the maximal sets of points
of AG(n, 3) satisfying the following two conditions:

i) for any triple of distinct points a, B,y € B,,
a+ [ +y # 0(mod3)
i) for any two distinct points «,f8 € B,, there

existsi, 1 <i<n,suchthata; =f; = 2.
It is convenient to assume that P; = {2}.
We will define the concatenation of the points in the
following way. Let A € AG(n,3) and B € AG(m,3). We
formanewset AB c AG(n +m,3)

consisting of all points a = (aq, ..., @p, Aty ) Aem)s
where a’ = (ay, ..., a,) € A, and

B' = (tns1, ) Anym) € B. In a similar way one can define
the concatenation of the points of three, four, ...etc. sets.
Note that, if x,y,z € F3, then x + y + z = 0(mod3) if and
only if x = y = z or they are pairwise distinct.

Theorem 1. For any triple of natural numbers n, m, Kk,
|Prsmaicl 2 |Pol [Pl |Bicl + | Bl B || Prc| + | B || B | Pyl

Proof. Suppose we have the sets P, c AG(n,3), P, C
AG(m,3), and B, c AG(k,3). Let's form a new set A; =
P, P, B, by concatenation the points of the sets B,, B, Bi-
We can form the sets A, = B,B,,P, and A; = B, P, P, C
AG(n+m+k,3), as mentioned above. Clearly, the sets
A, A, and A5 are pairwise disjoint.

First, we have to prove that the sets A; = B,B,By, A, =
BB, P, and A; = B, P, P, will satisfy ii). If we have the
points @ = (ay, «, Anymek) ANAd B = (By, ., Baymsx) €
A, = B,P, By, then the points a’ = (ay, ...,a,) and B’ =
(B4, .-, Bn) Will belong to the set P, and the definition of B,
impliesa; = B; = 2forsome i, 1 <i <n.

Second, we have to prove by contradiction that the set A, will
satisfy the condition i). Assume that there are pairwise
distinct points a = (aq, ..., Tpymar), B = Bir-r Brnsm+r)
and ¥ = (y1, ., Ynamar) €Ay such that a+pB+y=
0(mod3). Thena’' + B’ +y' = 0(mod3), a" + B" +vy" =
0(mod3), a'"" +p" +y"" =0(mod3), where a' =
(a1; ""an)l ﬁ, = (ﬁli ""ﬁn)r V’ = (}/1' ""Yn)l a’ =
(@nt1 s Onmds B = Brsts s Bram)s

Y = Wntv 0 Ynem)s a'" = (Upimets - Cngmakc)s
ﬁ”, = (ﬁn+m+1' ---'ﬁn+m+k)r ]/’” = (}/n+m+1' ""}/n+m+k)-
Taking into account the definitions of B,, B,, and By, the last
three equalities hold a’' =g ' =y’, a”" =p" =y"” and
a'"" =pB"" =y'". Hence a= B =y, which contradicts our
assumption. By a similar argument one can prove that the
sets A, and A5 also satisfy the conditions i) and ii).

Now we want to prove that the set A = A; U A, U A5 also
satisfies the conditions i) and ii). Assume that there are
three distinct points

a = (al' v Oy At 1y o) Ao Andmt 1 0 an+m+k)r

.B = (ﬁlt '"v.Bn' ,Bn+1' ---'ﬁn+m' ,Bn+m+1' ---',Bn+m+k)l

Y = 0n o ¥ Yntr oo Vadmo Yntmats 0 Ynamsk) € 4
such that @ + B +y = 0(mod3). Since we have already
proved that the points a, 8,y can not belong to the same
A;, 1 < i < 3, thereby the following two cases are possible.

Case 1. Each point belongs to only one set, say a € A;,8 €
A, and y € A;. By construction of the sets A; and 4,, a’ =
(ay, ...,ay) and B’ = (B4, ..., By) belong to B,. Hence, there

exists i, 1<i<mn, such that @; =p;=2. But y' =
(Y1, -, ¥n) € B,. Hence y; = 0or 1. Therefore a; + f; +
y; # 0(mod3), which contradicts our assumption.



Case2. Only two points from «, B,y belong to the same set,
say a,f €A and y € A,. Then again a" +B" +y" =
0(mod3), where a" = (apsq, ) Upam) and B =

(Brs1s = Brm) € P V"' = (Yna1) -+ Ynam) € B Since
a",B" € B, thereis i, n+ 1 <i <n+m, such that a; =
B; = 2,but y; = 0or 1, because y'' € By,.

Therefore a; + B; + y; + 0(mod3), which again contradicts
a+ B +y = 00(mod3). So, A satisfies the condition i). To
show that A satisfies the condition ii) assume that «, 8 € A.
Since we have already proved that A;, A, A; satisfy the
condition ii), it is enough to consider the case when o and f
belong to distinct sets, say « € A; and 8 € A,.

Then it is easy to see that a', 8’ € B,. Hence there isi, 1 <
i <n, such that @; = ; = 2. Note that other cases can be
proved by similar arguments.

It is obvious that |P;| = |{2}| =1 and |P,| = |{20,22}| =
[{20,21}| = 1{21,22}] = --- = 2. Applying Theorem 1 for
small odd numbers and presenting them as the sum of three
numbers, we can prove that

|Piita] = 6,[Py| = 12,|P3y144] =2 32,|Ps| 2 64, |P;] =
|Pyy343] = 168, |Pg| = 336,|Py| = |P34343] = 864,
|Piol = 1728, |Pyq| = |P3is4s] = 4224, etc.

Note that the value of the right side of the inequality in
Theorem 1 essentially depends on the representation of n as
the sum of three numbers.

Corollary 1. For every natural numbers ny, n,, ..., g 41,
|Paysmyectngns] = [ [Pl 1Py || Bug | + [P, 1B, P | +
| By || P || P [1CL B || Bsg | + [ B [P ]) +
Byt P 1P| ] (1B 1B | +

|Broi 1Pz 1)+ Bty [P [P |

Proof. We use induction on k. If k=1, then |Pn1+n2+n3| >
|Pn1||P"z||Bn3| + |Pn1||B"z||Pn3| + |Bn1||Pn2||Pn3|‘ hence we
are done. Assume that the inequality holds for the numbers
ny, Ny, ..., Ny_q and we will prove it for numbers
Ny, Ny, ..., Nyk41. By Theorem 1,

|P(n1+‘“+n2k—1)+n2k+n2k+1| = |Pn1+‘“+n2k—1||Pn2k||Bn2k+1| +
|P"1+"'+n2k—1||Bn2k||Pn2k+1| + |Bn1+"'+"zk—1||P"zk P"zk+1| =
|Pn1+“‘+n2k—1| ’ (an2k||3n2k+1| + |Bn2k||Pn2k+1|) +
|Bn1+"'+"zk—1||P"zk||Pn2k+1|'

Recalling the induction hypothesis and replacing
|Po +-+nyy_, | DY the corresponding inequality we obtain the
desired result.

Corollary 2. For every natural number n,
|P3n| = 3|Pn|2|Bn|-

Corollary 3. For every natural number n,
[Ppial =4+ |Py| + 2™

Corollary 4. For every natural number n,
|Pgn| = 32"-123"-2",

Proof. We use induction on n. If n=1, then [P;| =
1{220,221,202,212,022,122}| = 6 = 32'7123"-2" and we
are done when n=1. Supposing, that it is true forn = k — 1,
let's prove it for n = k. We have by Theorem 1,

|Pax| = |Pai-tygiet g 2
|P3k—1||P3k—1||B3k—1|+|P3k—1||B3k—1||P3k—1| +
|B et || Pgit || Pics | = 3| Pyt || Bgica -

By the induction hypothesis,

_ _ —172 _
3|Pycs || Byioa | = 3(3271-123F71-2K1) T3
_ 3132(2k—1_1) 22(3k—1_2k—1)23k—1
= 32F-1p3k-2k
In a similar way one can prove the following.

Corollary 5. For every natural numbers n, k, m,

23™+3M 43K [ o, 2742™ 3\ 2" +2"
L ()
3\ 22"
O

Theorem 2. For every natural number n and m,
Smtn3z = |Pul|Byl + |BplByl -

Proof. Suppose we have the sets A; = P,B,, and A, =
B, By, Itis obvious that A;,A;, C P, and Ay N A, = 0.
We will prove the inequality by contradiction. Assume that
there exist three distinct points a, 8,y € A; U A, such that
a + B +y = 0(mod3). We suppose that two of them belong
to one set (saya,f € A;) and the third point to other
(say y € A,). By definition of P, thereisi,1 <i <n, such
that a; = B; = 2. But by definition of B,,,y; = 0 or 1, hence
a; + B; +y; # 0(mod3), which contradicts that a + 8 +
y = 0(mod3). In a similar way one can prove that the case
when two points belong to A, and the last one belongs to 4,
is impossible, hence the inequality is true.

Corollary 6. For every natural number n (n > 2),
5n,3 2 2|Pn—1| + |Bn—1|-
For example,
S103 = 2|Pg| + |Bgl = 2-864 4+ 512 = 2240.

Theorem 3. For every naturaln (n > 2)and i, 1 <i<n-—
1,
Sn+1,3 = |Pil|Pp—il + |Pil|Bp—il + |Bi||Pp—il + |Byl.
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