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ABSTRACT
We show that the quantum particle motion under Dirac’s
delta function potential with time periodic strength, can
be mapped to the motion on a star graph with infinite
number of edges and non-convectional node couplings.
With suitable finite truncation of number of edges, the
problem can be solved analytically, and yields solutions
showing intriguing patterns of threshold resonances.
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1. INTRODUCTION
Contact interactions in quantum mechanics offer possi-
bilities to elucidate various intricate phenomena by solv-
able models [1, 2, 3]. The assemblage of properly tuned
closely-placed two and three Dirac’s delta interactions
on a line is known to produce a so-called delta-prime in-
teraction, an exotic “dual partner” of delta interaction
[4]. Periodically placed delta or delta-prime interactions
on lattices are simple and solvable models of electron
transport in solids [5, 6]. There are some cases when it
is useful to consider the strength of the delta function
to be a time dependent quantity, instead of a constant
[8, 7, 9]. In this article we consider a time-periodic delta
interaction, and show that it can be viewed as a real-
ization of quantum graph with non-conventional node
couplings. The system possesses a rich structure arising
from the threshold resonances with harmonic frequen-
cies of the time-periodicity.

2. PSEUDOENERGY FOR TIME-PERI-
ODIC QUANTUM SYSTEM

Consider a time-dependent Hamiltonian on a one-di-
mensional space

H(t) = − ~2

2m

∂2

∂x2
+ V (r)f(t) (1)

with time periodicity

f(t+ T ) = f(t). (2)

The Schrödinger equations

i
∂

∂t
ψ(t) = H(t)ψ(t), (3)

i
∂

∂t
ψ(t+ T ) = H(t+ T )ψ(t+ T ) (4)

along with the time periodicity of the HamiltonianH(t+
T ) = H(t) guarantee the existence of pseudo-energy λ
which relates ψ(t+ T ) and ψ(t) by

ψ(t+ T ) = eiλTψ(t). (5)

An alternative expression of (5) is

ψ(t) = eiλtφ(t) (6)

in which φ(t) is T -periodic, namely

φ(t+ T ) = φ(t). (7)

With the boundary condition (7), the pseudo-energy λ
is determined by the eigenequation(

H(t)− i ∂
∂t

)
φ(t) = λφ(t). (8)

Note that we have suppressed the dependence on the
spatial coordinate x in the above notations of ψ and φ.

3. TIME-PERIODIC DELTA POTENTI-
AL AND EQUIVALENT QUANTUM
GRAPH

To solve the eigenequation (8) for time periodic system,
we decompose the wave function φ in terms of Fourier
time series

φ(x, t) =
∑
n

φn(x)einωt (9)

with

ω =
2π

T
. (10)

The sum in (9) runs over entire integer range from neg-
ative to positive infinities, but in actual calculation we
need to truncate it by fixed N such that n is confined
in between −N and N . We define temporal matrix ele-
ments of time-periodic operator A(t) as

(m|A|n) =
1

T

∫ ∞
0

dte−imωtA(t)einωt. (11)

Some useful examples are

(m|n) = δm,n, (12)

(m| cosωt|n) =
1

2
(δm,n+1 + δm,n−1) , (13)

(m| sinωt|n) =
1

2i
(δm,n+1 − δm,n−1) . (14)

(m|
∑
n

δ(t− nT )|n) = 1. (15)



The eigenequation for φ takes the form(
− ~2

2m

∂2

∂x2
+ nω

)
φn(x) + V (x)

∑
n

(n|f |m)φm(x)

= λφn(x).

(16)

Let us now assume that the potential V (x) is non-zero
only in the vicinity of the origin x = 0. If the relevant
wave length is far larger than the active range of V (x),
it makes good sense to approximate V (x) by a Dirac’s
δ-function with appropriate strength

V (x) = vδ(x). (17)

With this potential, we can integrate the eigenequation
(16) in the infinitely thin range x = [0−, 0+] and obtain
the set of connection conditions at x = 0 in the form

φ′n(0+)− φ′n(0−) = u

N∑
m=−N

fn,mφm(0+), (18)

φn(0+)− φn(0−) = 0, (19)

where we adopted the simplified notation fn,m = (n|f |m)
and u = 2m

~2 v. Everywhere other than x = 0, the
wave function components φn(x) satisfy a decoupled
Schrödinger equation(

− ~2

2m

∂2

∂x2
+ Un

)
φn(x) = λφn(x) (20)

with constant potentials Un = nω. This is nothing but
the (4N+2)-channel quantum star graph with constant
potentials at edges, considered by Turek and Cheon [10,
11]. The channel is specified by integer n and sign σ,
for which σ = ± correspond to positive and negative x
respectively (Fig. 1).
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Figure 1: δ interaction with time periodic
strength (top) and equivalent quantum graph
(bottom)

Table 1. Ordering scheme of channels
(j) 0σ n
(1) 0+ N
...

...
...

(2N + 1) 0+ −N
(2N + 2) 0− N

...
...

...
(4N + 2) 0− −N

In order to place the connection conditions (18)-(19)
in more general setting, we order the Fourier compo-
nents of φ(0±) and φ′(0±) using the new index (j), in

the manner given in the table, and define the boundary
vectors

Φ =

 φ(1)

...
φ(4N+2)

 , Φ′ =

 φ′(1)
...

φ′(4N+2)

 . (21)

The connection conditions (18)-(19) can be expressed in
the form

AΦ +BΦ′ = 0 (22)

with the boundary matrices A and B given in a Turek’s
TS-form [12]

A = −

 U (2N+1) 0(2N+1)

−I(2N+1) I(2N+1)

 ,

B =

 I(2N+1) I(2N+1)

0(2N+1) 0(2N+1)

 , (23)

where the matrices I(n) and 0(n) have dimension n and
are defined as follows

0(n) =

0 · · · 0
...

...
0 · · · 0

 , I(n) =

1 0
. . .

0 1

 . (24)

The matrix U holds the information on the interaction
matrix elements;

U (n) =

uf(1),(1) · · · uf(1),(n)
...

...
uf(n),(1) · · · uf(n),(n)

 . (25)

4. THE SCATTERING MATRICES
After fixing the boundary conditions (22) at the graph
vertex, we can consider a scattering problem in which
there is an incoming wave from the channel specified by
(−, n).

ψ−n (x, t) = 1√
kn
eiknx−i(λ−nω)t

+
∑
m

1√
km
S−−m,n e

−ikmx−i(λ−mω)t(x < 0)
(26)

ψ−n (x, t) =
∑
m

1√
km

S+−
m,n e

ikmx−i(λ−mω)t(x > 0) (27)

with

kn =

√
2m(λ− nω)

~
. (28)

We can also consider the case of incoming wave from
x =∞
ψ+
n (x, t) = 1√

kn
e−iknx−i(λ−nω)t

+
∑
m

1√
km
S++
m,n e

ikmx−i(λ−mω)t (x > 0),
(29)

ψ+
n (x, t) =

∑
m

1√
km

S−+
m,n e

−ikmx−i(λ−mω)t(x < 0). (30)

The factor 1√
km

in front of the m-th channel is there to

guarantee the unitarity of the scattering matrix;∑
n′,σ′

∣∣∣Sσ′,σ
n′,n

∣∣∣2 =
∑
n,σ

∣∣∣Sσ′,σ
n′,n

∣∣∣2 = 1. (31)

In terms of {φm}, this is expressed by

(φ−n )m(x) =
1√
km

eikmxδm,n +
1√
km

S−−m,n e
iknx

(x < 0),

(32)



(φ−n )m(x) =
1√
km

S+−
m,n e

iknx (x > 0), (33)

and

(φ+
n )m(x) =

1√
km

e−ikmxδm,n +
1√
km

S++
m,n e

iknx

(x > 0),

(34)

(φ+
n )m(x) =

1√
km

S−+
m,n e

−iknx (x < 0). (35)

The scattering matrix S whose d = (4N + 2) elements
are given by

S =



S++
N,N · · · S++

N,−N S+−
N,N · · · S+−

N,−N
...

...
...

...
S++
−N,N · · · S++

−N,−N S+−
−N,N · · · S+−

−N,−N
S−+
N,N · · · S−+

N,−N S−−N,N · · · S−−N,−N
...

...
...

...
S−+
−N,N · · · S−+

−N,−N S−−−N,N · · · S−−−N,−N


(36)

can be expressed, in terms of ordering indices (j) as

S =

 S(1),(1) · · · S(1),(4N+2)

...
...

S(4N+2),(1) · · · S(4N+2),(4N+2)

 . (37)

The matrix S is shown to be given by [11]

S = −(AD−1 + iBD)
−1

(AD−1 − iBD) (38)

with a diagonal matrix

D =


√
k(1) 0

. . .

0
√
k(4N+2)

 . (39)

The most practical choice for the incoming channel is
n = 0. Let us choose the negative side σ = −1 as an
incomig channel. The quantity we are mostly interested
in is the transmission and reflection coefficients which
are defined by

T =
∑
`

∣∣S+−
`,0

∣∣2 =
∑
`

∣∣S−+
`,0

∣∣2 . (40)

R =
∑
`

∣∣S−−`,0 ∣∣2 =
∑
`

∣∣S++
`,0

∣∣2 . (41)

We can isolate the ”elastic” component as

T =
∣∣S+−

0,0

∣∣2 + ∆T , R =
∣∣S−−0,0

∣∣2 + ∆R, (42)

with the definition

∆T =
∑
` 6=0

∣∣S+−
`,0

∣∣2 , ∆R =
∑
6̀=0

∣∣S−−`,0 ∣∣2 . (43)

Since we have

S+−
0,0 = 1 + S−−0,0 , S−−`,0 = S+−

`,0 (` 6= 0), (44)

with the vertex couplings given in the form (23), we
obtain

∆T = ∆R =
1− |S−−0,0 |2 − |S

+−
0,0 |2

2
, (45)

and we have

T =
1− |S−−0,0 |2 + |S+−

0,0 |2

2
= 1 + <S−−0,0 , (46)

R =
1 + |S−−0,0 |2 − |S

+−
0,0 |2

2
= −<S−−0,0 . (47)

u

Figure 2: Transmission probability T (k) for u =
0.25 (top) and u = 1.00 (bottom) with truncations
N = 1 (dashed line) and N = 4 (full line). For the
case u = 0.25 the truncation effect cannot be seen
from the figure.

Figure 3: Transmission probability T (k) for u =
1.75 (top) and u = 2.50 (bottom) with truncations
N = 1 (dashed line) and N = 4 (full line).

5. NUMERICAL EXAMPLES
In this section we assume f(t) = cosωt and show that
the transmission amplitude T vacillates as a function of
k0 (Figs. 2 and 3). The effect of truncation at n = ±N
can be discerned from the difference between dashed
lines(N = 1, d = 4N + 2 = 6) and full lines (N = 4, d =
4N + 2 = 18). It can be seen that the truncation at
N = 1 is already rather good up to around k

√
ω/~ for

reasonably small values of u.



These results show that there is a threshold resonance
effect at λ = nω. Also, wide variety of k dependence
of T and R are observed for different range of k and
different values of the coupling constant u. For example,
for small k <

√
ω/~, T can be large for small u and

almost zero for large u. There is always a sudden drop
of T at the threshold k =

√
ω/~, and then a sharp

increase of transmission. For large u around u = 4
scattering features can be used for spectral filtering with
the proper choice of ω, for example.
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Figure 4: Structure of Riemann surface (top)
and positions of poles for u = 1 and u = 2 (middle
and bottom respectively).

The rich structure of the scattering matrix is the result
of the complex Riemann surface on which it resides.
Compared to the case of time-invariant delta potential,
for which the Riemann surface is a single sheet plane and
there is a pole on the imaginary axis k = iu, the time-
periodic variation of the strength u gives a multi-valued
scattering matrix whose Riemann surface is illustrated
in Fig. 4.

There are various poles both along imaginary and real
axes and also off the axes, residing on various sheets of
the Riemann surface. Among these poles the “visible”
ones are the branch points k =

√
nω located on the real

axis, i.e., the physical sheet. Positions of the poles are
illustrated in Fig. 4 for different values of u.
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