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ABSTRACT 
The principles of constructive mathematics are applied to 
the fuzzy constructive logic. The preceding results of the 
author in fuzzy constructive logic are generalized for 
predicate formulas including (in general) functional 
symbols and symbols of constants. The constructive 
(intuitionistic) predicate calculus on the base of such 
formulas is considered; it is denoted by 𝐻𝐻(𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐). The notion 
of identically 𝑓𝑓-true predicate formula is introduced. It is 
proved that any predicate formula deducible in 𝐻𝐻(𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐) is 
identically 𝑓𝑓-true. 
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The considerations below are based on the principles of 
constructive mathematics ([1]-[3]); A. A. Markov’s 
principle [4] will not be used. We will consider the concepts 
of fuzzy constructive logic ([5]-[8]). 
 
By 𝑁𝑁  we denote the set of non-negative integers, 𝑁𝑁 =
{0, 1, 2, … } , by 𝑁𝑁𝑛𝑛  we denote the set of 𝑛𝑛 -tuples 
(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛) , where 𝑥𝑥𝑖𝑖 ∈ 𝑁𝑁  for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 ; by 𝑅𝑅  we 
denote the set of rational numbers having the form 𝑚𝑚

2𝑛𝑛
, where 

𝑚𝑚 ∈ 𝑁𝑁 , 𝑛𝑛 ∈ 𝑁𝑁 , 0 ≤ 𝑚𝑚
2𝑛𝑛
≤ 1 . The notions of general 

recursive function (shortly, GRF), partially recursive 
function (shortly, PRF), recursively enumerable set (shortly, 
RES) are defined as in ([9]-[11]). 
 
The considerations below will be based on the notion of 
fuzzy recursively enumerable set (FRES) given in [6] (see 
[6], p. 38). Let us recall that 𝑛𝑛-dimensional FRES, where 
𝑛𝑛 ≥ 1, is defined as a recursively enumerable set of (𝑛𝑛 +
1)-tuples having the form (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝜀𝜀), where 𝑥𝑥𝑖𝑖 ∈ 𝑁𝑁 
for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛  and 𝜀𝜀 ∈ 𝑅𝑅 . (Let us note that the notion of 
FRES is actually equivalent to the notion of generalized 
fuzzy recursively enumerable set (GFRES) concerning the 
algorithmic scale of truth values (A-scale) Ω2 considered in 
[7]; this equivalence is established in [8]. Let us note also 
that the relations between FRESes and the operations on 
FRESes considered below are similar to those given in [7]; 
they are in general different from the relations and 
operations considered in [6]). 
 
We say that an 𝑛𝑛 -dimensional FRES 𝛼𝛼 covers an 𝑛𝑛 -
dimensional FRES 𝛽𝛽, and write 𝛽𝛽 ⊆ 𝛼𝛼 or 𝛼𝛼 ⊇ 𝛽𝛽, if for any 
(𝑛𝑛 + 1) -tuple (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , 𝜀𝜀) ∈ 𝛽𝛽 , where 𝜀𝜀 ≠ 0 , there 
exists an (𝑛𝑛 + 1)-tuple (𝑥𝑥1, 𝑥𝑥2, … ,𝑥𝑥𝑛𝑛 , 𝛿𝛿) ∈ 𝛼𝛼 such that 𝛿𝛿 ≥
𝜀𝜀 . We say that 𝑛𝑛 -dimensional FRESes 𝛼𝛼  and 𝛽𝛽  are 
equivalent and write 𝛼𝛼 = 𝛽𝛽  if 𝛼𝛼  covers 𝛽𝛽  and 𝛽𝛽covers 𝛼𝛼 . 

The negations of statements 𝛼𝛼 ⊇ 𝛽𝛽  and 𝛼𝛼 = 𝛽𝛽  will be 
denoted by 𝛼𝛼 ⊉ 𝛽𝛽and 𝛼𝛼 ≠ 𝛽𝛽.  
 
Note. The notions of covering and equivalence of FRESes 
given above coincide with the corresponding notions in [7]; 
they are different from the notions given in [6]. 
 
We say that an 𝑛𝑛-dimensional FRES 𝛼𝛼 is monotone if for 
any (𝑛𝑛 + 1) -tuples (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝜀𝜀)  and (𝑥𝑥1,
𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , 𝛿𝛿)  the folowing condition is satisfied: if (𝑥𝑥1,
𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , 𝛿𝛿) ∈ 𝛼𝛼and 𝜀𝜀 ≤ 𝛿𝛿, then (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝜀𝜀) ∈ 𝛼𝛼. 
 
An 𝑛𝑛-dimensional FRES 𝛼𝛼 is said to be regular if any (𝑛𝑛 +
1)-tuple having the form (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , 0)  belongs to 𝛼𝛼 
(cf. [8]). 
 
The union 𝛼𝛼⋃𝛽𝛽 (correspondingly, the intersection 𝛼𝛼⋂𝛽𝛽) of 
𝑛𝑛 -dimensional FRESes 𝛼𝛼  and 𝛽𝛽  is defined as an 𝑛𝑛 -
dimensional FRES 𝛾𝛾 such that (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 ,𝜂𝜂) ∈ 𝛾𝛾 if and 
only if there exist 𝜀𝜀 ∈ 𝑅𝑅  and 𝛿𝛿 ∈ 𝑅𝑅  such that (𝑥𝑥1,
𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , 𝜀𝜀) ∈ 𝛼𝛼 , (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝛿𝛿) ∈ 𝛽𝛽 , 𝜂𝜂 ≤ max (𝜀𝜀, 𝛿𝛿) 
(correspondingly, 𝜂𝜂 ≤ min (𝜀𝜀, 𝛿𝛿) ) (cf. [6], p. 41; [7], p. 
270). 
 
By V𝑛𝑛 we denote the 𝑛𝑛-dimensional FRES 𝛼𝛼 such that (𝑥𝑥1,
𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , 𝜀𝜀) ∈ 𝛼𝛼 for any 𝑛𝑛-tuple (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛) ∈ 𝑁𝑁𝑛𝑛 and 
any 𝜀𝜀 ∈ 𝑅𝑅 . By Λ𝑛𝑛  we denote the 𝑛𝑛-dimensional FRES 𝛽𝛽 
such that (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝜀𝜀) ∈ 𝛽𝛽 if and only if 𝜀𝜀 = 0. 
 
The operation of Cartesian product of the 𝑛𝑛-dimensional 
FRES 𝛼𝛼 and 𝑚𝑚-dimensional FRES 𝛽𝛽 we will consider only 
in the case when 𝛽𝛽 = V𝑚𝑚 (only such case is used in what 
follows) (cf. [8]). Namely, 𝛼𝛼 × V𝑚𝑚 is defined by the set of 
(𝑛𝑛 + 𝑚𝑚) -tuples having the form 
(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 ,𝑦𝑦1,𝑦𝑦2, … ,𝑦𝑦𝑚𝑚, 𝜀𝜀) , where (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝜀𝜀) ∈
𝛼𝛼, 𝑦𝑦𝑗𝑗 ∈ 𝑁𝑁 for 1 ≤ 𝑗𝑗 ≤ 𝑚𝑚. 
 
The following notions are defined similarly to the 
corresponding definitions given in [7] (see [7], pp. 270-
271): 
1) the notion of fictitious variable for a FRES 𝛼𝛼; 
2) the notion of projection ↓𝑖𝑖𝑛𝑛 (𝛼𝛼)  of an 𝑛𝑛 -dimensional 
FRES 𝛼𝛼 concerning 𝑖𝑖-th coordinate; 
3) the notion of generalization of a FRES 𝛼𝛼 concerning 𝑖𝑖-
th coordinate; 
4) the notion of transposition 𝑇𝑇𝑖𝑖𝑖𝑖𝑛𝑛(𝛼𝛼)  of 𝑖𝑖 -th and 𝑗𝑗 -th 
coordinates in an 𝑛𝑛-dimensional FRES 𝛼𝛼; 
5) the notion of substitution 𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑛𝑛(𝛼𝛼) of 𝑖𝑖-th coordinate 
for 𝑗𝑗-th coordinate in an 𝑛𝑛-dimensional FRES 𝛼𝛼 (see also 
[6], p. 42). 
 
𝑛𝑛 -dimensional FRES-ideal is defined as a non-empty 
constructive set Δ  of 𝑛𝑛 -dimensional monotone regular 
FRESes such that the following conditions hold: 
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(1) if 𝛼𝛼 ∈ Δ and 𝛽𝛽 ⊆ 𝛼𝛼, then 𝛽𝛽 ∈ Δ; 
(2) if𝛼𝛼 ∈ Δ and 𝛽𝛽 ∈ Δ, then 𝛼𝛼⋃𝛽𝛽 ∈ Δ. 
 
Note. The notion of FRES-ideal corresponds to the notion 
of ideal given in [7]; it is different from the notion of ideal 
considered in [6]. 
 
An 𝑛𝑛-dimensional FRES-ideal Δ is said to be complete if 
any 𝑛𝑛-dimensional FRES of the 𝑛𝑛-tuples (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛, 𝜀𝜀), 
where 0 ≤ 𝜀𝜀 < 1, belongs to Δ. It is said to be null-ideal if 
𝛼𝛼 ∈ Δ only when 𝛼𝛼 ∈ Λ𝑛𝑛. 
 
An 𝑛𝑛 -dimensional FRES-ideal generated by some non-
empty set of 𝑛𝑛-dimensional monotone regular FRESes is 
defined similarly to the definition given in [6] (see [6], pp. 
46-47). 
 
We consider predicate formulas based on the logical 
operations ∃∀¬⊃∨ ,,,,&,  and containing in general 
functional symbols and symbols of constants ([9]-[11]). We 
suppose that the language of predicate formulas contains an 
infinite set of symbols of constants as well as infinite sets of 
predicate and functional symbols having all positive 
dimensions. It is supposed that the symbol T of the truth and 
the symbol F of the falsity are included in the language. 
 
The notion of index majorant of a given predicate formula 
is defined as in [7] (see [7], p. 272). 
 
The constructive (intuitionistic) predicate calculus (on the 
base of formulas containing in general functional symbols 
and symbols of constants) is defined as in [12]. This calculus 
will be denoted below by 𝐻𝐻(𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐). 
 
Let 𝐴𝐴  be a predicate formula satisfying the following 
conditions. 
1) All predicate symbols included in 𝐴𝐴 belong to the list 
𝑝𝑝1, 𝑝𝑝2, … , 𝑝𝑝𝑛𝑛  of symbols having the dimensions 
𝑘𝑘1, 𝑘𝑘2, … ,𝑘𝑘𝑛𝑛. 
2) All functional symbols included in 𝐴𝐴 belong to the list 
𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑚𝑚 of symbols having the dimensions 𝑙𝑙1, 𝑙𝑙2, … , 𝑙𝑙𝑚𝑚. 
3) All symbols of constants included in 𝐴𝐴 belong to the list 
𝑎𝑎1,𝑎𝑎2, … , 𝑎𝑎𝑟𝑟. 
 
Functional assignment (shortly, f-assignment) 𝜑𝜑 for a given 
predicate formula 𝐴𝐴  satisfying the conditions mentioned 
above is defined as a correspondence giving for any 
predicate symbol 𝑝𝑝𝑖𝑖, any functional symbol 𝑓𝑓𝑗𝑗 , any symbol 
𝑎𝑎𝑡𝑡  of constant their 𝜑𝜑 -values such that the following 
conditions hold. 
1) The 𝜑𝜑 -value of any predicate symbol 𝑝𝑝𝑖𝑖  having the 
dimension 𝑘𝑘𝑖𝑖 is a 𝑘𝑘𝑖𝑖-dimensional FRES-ideal. 
2) The 𝜑𝜑 -value of any functional symbol 𝑓𝑓𝑗𝑗  having the 
dimension 𝑙𝑙𝑗𝑗 is a GRF depending on 𝑙𝑙𝑗𝑗 variables. 
3) The 𝜑𝜑-value of any symbol of constant 𝑎𝑎𝑡𝑡 is an element 
of the set 𝑁𝑁 (i.e., a non-negative integer). 
 
The interpretation of a formula 𝐴𝐴 satisfying the conditions 
mentioned above concerning an f-assignment 𝜑𝜑  and an 
index majorant 𝑘𝑘  is defined as a FRES-ideal Π𝜑𝜑,𝑘𝑘(𝐴𝐴)  by 
induction following to the construction of the formula 𝐴𝐴 as 
follows. 
 
If 𝐵𝐵  is an elementary subformula of 𝐴𝐴  having the form 
𝑝𝑝𝑖𝑖(𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡𝑚𝑚) , where 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 , 𝑚𝑚 = 𝑘𝑘𝑖𝑖  and 

𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡𝑚𝑚  are terms containing general functional 
symbols, symbols of constants and object variables, then 
Π𝜑𝜑,𝑘𝑘(𝐵𝐵) is obtained using the following constructions. Let 
ℎ be the maximum of the indices 𝑖𝑖  of object variables 𝑥𝑥𝑖𝑖 
contained in the terms 𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡𝑛𝑛 . The 𝜑𝜑 -values of the 
terms 𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡𝑛𝑛  may be represented (adding, if it is 
necessary, additional fictitious object variables) as GRF, 
correspondingly 𝜓𝜓1,𝜓𝜓2, … ,𝜓𝜓𝑛𝑛  depending on variables 
𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥ℎ . If 𝛼𝛼  is any 𝑛𝑛 -dimensional FRES, then by 
𝛼𝛼(𝜓𝜓1,𝜓𝜓2, … ,𝜓𝜓𝑛𝑛) we denote the recursively enumerable set 
of (ℎ + 1) -tuples (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥ℎ , ε)  such that 
(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥ℎ , 𝜀𝜀) ∈ 𝛼𝛼(𝜓𝜓1,𝜓𝜓2, … ,𝜓𝜓𝑛𝑛)  if and only if 
(𝜓𝜓1(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥ℎ),𝜓𝜓2(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥ℎ), 
… ,𝜓𝜓𝑛𝑛(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥ℎ), 𝜀𝜀) ∈ 𝛼𝛼. 
 
Now let Δ be the 𝜑𝜑-value of 𝑝𝑝𝑖𝑖 . By Δ∗  we denote the ℎ-
dimensional FRES-ideal generated by the set of FRESes 
having the form 𝛼𝛼(𝜓𝜓1,𝜓𝜓2, … ,𝜓𝜓𝑛𝑛) , where 𝛼𝛼 ∈ Δ . The 
FRES-ideal Π𝜑𝜑,𝑘𝑘(𝐴𝐴) is defined as the 𝑘𝑘-dimensional FRES-
ideal generated by the set of FRESes having the form 𝛽𝛽 ×
V𝑘𝑘−ℎ (obviously, if 𝑘𝑘 is an index majorant of the formula 𝐴𝐴, 
then 𝑘𝑘 ≥ ℎ). 
 
If 𝐵𝐵 and 𝐶𝐶  are subformulas of 𝐴𝐴 , then the FRES-ideals 
Π𝜑𝜑,𝑘𝑘(𝐵𝐵&𝐶𝐶) , Π𝜑𝜑,𝑘𝑘(𝐵𝐵 ∨ 𝐶𝐶) , Π𝜑𝜑,𝑘𝑘(𝐵𝐵 ⊃ 𝐶𝐶) , Π𝜑𝜑,𝑘𝑘(∀𝑥𝑥𝑖𝑖(𝐵𝐵)) , 
Π𝜑𝜑,𝑘𝑘(∃𝑥𝑥𝑖𝑖(𝐵𝐵)) , Π𝜑𝜑,𝑘𝑘(T) , Π𝜑𝜑,𝑘𝑘(F)  are defined similarly to 
the corresponding definitions given in [6] and [7] (see [6] p. 
51; [7] p. 273). 
 
In particular, by induction also the FRES-ideal Π𝜑𝜑,𝑘𝑘(𝐴𝐴)is 
defined. 
 
We say that a formula 𝐴𝐴 having the form mentioned above 
is identically f-true if for any f-assignment 𝜑𝜑  and any 
sufficiently great index majorant 𝑘𝑘Π𝜑𝜑,𝑘𝑘(𝐴𝐴) is a complete 
FRES-ideal. 
 
Theorem. Any predicate formula deducible in the calculus 
𝐻𝐻(𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐) is identically f-true. 
 
ACKNOWLEDGEMENT 
This work is supported by the State Committee of Science, 
MES RA in the framework of the research project SCS 15T-
1B238. 
 
REFERENCES 
[1] A. A. Markov, “On constructive mathematics” (in 
Russian), Transactions of Steklov Institute of Acad. Sci. 
USSR, vol. 67, pp. 8-14, 1962. 
[2] N. A. Shanin, “Constructive real numbers and 
constructive functional spaces” (in Russian), Transactions 
of Steklov Institute of Acad. Sci. USSR, vol. 67, pp. 15-294, 
1962. 
[3] B. A. Kushner, “Lectures on constructive 
mathematical analysis” (in Russian), M., “Nauka”, 1973. 
[4] A. A. Markov, “On one principle of the constructive 
mathematical logic” (in Russian), Transactions of 3rdAll-
Union Mathematical Congress, vol. 2, pp. 146-147, 1956. 
[5] I. D. Zaslavskiy, “Fuzzy constructive logic” (in 
Russian), Proceedings of the Scientific Seminars of POMI, 
vol. 358, pp. 130-152, 2008. 
[6] I. D. Zaslavskiy, “Extended fuzzy constructive logic” 
(in Russian), Proceedings of the Scientific Seminars of 
POMI, vol. 407, pp. 35-76, 2012. 



[7] I. D. Zaslavskiy, “Generalized fuzzy constructive 
logic” (in Russian), Reports of the National Academy of 
Sciences of Armenia, vol. 115, no. 4, pp. 266-275, 2015. 
[8] I. D. Zaslavsky, “On the relations between different 
forms of the fuzzy constructive logic”, Presented for 
publication in Transactions of the Institute for Informatics 
and Automation Problems of NAS of RA, vol. 47. 
[9] S. C. Kleene, “Introduction to metamathematics”, D. 
van Nostrand Comp. inc., New York-Toronto, 1952. 
[10] H. Rogers, “Theory of Recursive functions and 
effective computability”, Mc. Graw Hill Book Comp., New 
York-St. Louis-San Francisco-Toronto-London-Sydney, 
1967. 
[11] A. I. Maltsev, “Algorithms and recursive functions” 
(in Russian), 2ndedition, M., “Nauka”, 1986. 
[12] S. Troelstra, H. Schwichtenberg, “Basic proof 
theory”, Cambridge Univ. Press, Cambridge-New York, 
2000. 


