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ABSTRACT

The principles of constructive mathematics are applied to
the fuzzy constructive logic. The preceding results of the
author in fuzzy constructive logic are generalized for
predicate formulas including (in general) functional
symbols and symbols of constants. The constructive
(intuitionistic) predicate calculus on the base of such
formulas is considered; it is denoted by HU €©™, The notion
of identically f-true predicate formula is introduced. It is
proved that any predicate formula deducible in HU 0™ is
identically f-true.
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The considerations below are based on the principles of
constructive mathematics ([1]-[3]); A. A. Markov’s
principle [4] will not be used. We will consider the concepts
of fuzzy constructive logic ([5]-[8])-

By N we denote the set of non-negative integers, N =
{0,1,2,..}, by N™ we denote the set of n -tuples
(21, %5, e, X)), Where x; EN for 1<i<n; by R we
denote the set of rational numbers having the form ;"—n where
meN, neN, 052"—,151 . The notions of general

recursive function (shortly, GRF), partially recursive
function (shortly, PRF), recursively enumerable set (shortly,
RES) are defined as in ([9]-[11]).

The considerations below will be based on the notion of
fuzzy recursively enumerable set (FRES) given in [6] (see
[6], p. 38). Let us recall that n-dimensional FRES, where
n > 1, is defined as a recursively enumerable set of (n +
1)-tuples having the form (x;, x,, ..., Xy, €), where x; € N
for1 <i<nande€R. (Let us note that the notion of
FRES is actually equivalent to the notion of generalized
fuzzy recursively enumerable set (GFRES) concerning the
algorithmic scale of truth values (A-scale) Q. considered in
[7]; this equivalence is established in [8]. Let us note also
that the relations between FRESes and the operations on
FRESes considered below are similar to those given in [7];
they are in general different from the relations and
operations considered in [6]).

We say that an n -dimensional FRES a_covers an n -
dimensional FRES 8, and write 8 € a or ¢ 2 B, if for any
(n+ 1)-tuple (x1, x3,..,x,,€) € B, where € # 0, there
exists an (n + 1)-tuple (x4, x5, ..., x5, ) € a such that § >
€. We say that n -dimensional FRESes a and g are
equivalent and write « = g if a covers g and Scovers a.

The negations of statements ¢ 2 f and a = will be
denoted by @ 2 fand a # S.

Note. The notions of covering and equivalence of FRESes
given above coincide with the corresponding notions in [7];
they are different from the notions given in [6].

We say that an n-dimensional FRES « is monotone if for
any (n+1) -tuples (xq, x3,...,xp,€) and  (xq,
Xy, ..., Xy, 0) the folowing condition is satisfied: if (xq,
X, ., Xn, 0) € aand € < 6§, then (xq, x,...,%p, €) € a.

An n-dimensional FRES « is said to be regular if any (n +
1)-tuple having the form (x;, xj, ..., x5, 0) belongs to a

(cf. [8]).

The union aUp (correspondingly, the intersection ¢Nf) of
n -dimensional FRESes a and g is defined as an n -
dimensional FRES y such that (x;, x,,...,x,,n) € y ifand
only if there exist e € R and § € R such that (xq,
X3, ey X, E) E @, (X4, Xo, e, Xp, 8) € B, 1 < max(g, §)
(correspondingly, n < min(e, §)) (cf. [6], p. 41; [7], p.
270).

By V™ we denote the n-dimensional FRES « such that (x4,
X3, ..., Xp, €) € a for any n-tuple (x;, x5, ...,x,) € N* and
any € € R. By A™ we denote the n-dimensional FRES S
such that (x4, x5, ...,x,,€) € Bifandonly if e = 0.

The operation of Cartesian product of the n-dimensional
FRES a and m-dimensional FRES B we will consider only
in the case when 8 = V™ (only such case is used in what
follows) (cf. [8]). Namely, @ x V™ is defined by the set of
(n+m) -tuples having the form
(1, %2, ooy X, Y1b V2 s Yo €), Where (x4, X, ..., Xp, €) €
a,y;ENfor1<j<m.

The following notions are defined similarly to the
corresponding definitions given in [7] (see [7], pp. 270-
271):

1) the notion of fictitious variable for a FRES «;

2) the notion of projection !} (a) of an n-dimensional
FRES a concerning i-th coordinate;

3) the notion of generalization of a FRES a concerning i-
th coordinate;

4) the notion of transposition T/}(a) of i-th and j-th
coordinates in an n-dimensional FRES «;

5) the notion of substitution Sub[;(«) of i-th coordinate
for j-th coordinate in an n-dimensional FRES « (see also
6], p. 42).

n -dimensional FRES-ideal is defined as a non-empty
constructive set A of n -dimensional monotone regular
FRESes such that the following conditions hold:
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(1) ifa€eAandp < a,then B € A;
(2) ifaeAandp € A, thenaUp € A.

Note. The notion of FRES-ideal corresponds to the notion
of ideal given in [7]; it is different from the notion of ideal
considered in [6].

An n-dimensional FRES-ideal A is said to be complete if
any n-dimensional FRES of the n-tuples (x;, x5, ..., xp, €),
where 0 < € < 1, belongs to A. It is said to be null-ideal if
a € Aonly when a € A™.

An n-dimensional FRES-ideal generated by some non-
empty set of n-dimensional monotone regular FRESes is
defined similarly to the definition given in [6] (see [6], pp.
46-47).

We consider predicate formulas based on the logical
operations &,v, >, —,V,3 and containing in general
functional symbols and symbols of constants ([9]-[11]). We
suppose that the language of predicate formulas contains an
infinite set of symbols of constants as well as infinite sets of
predicate and functional symbols having all positive
dimensions. It is supposed that the symbol T of the truth and
the symbol F of the falsity are included in the language.

The notion of index majorant of a given predicate formula
is defined as in [7] (see [7], p. 272).

The constructive (intuitionistic) predicate calculus (on the
base of formulas containing in general functional symbols
and symbols of constants) is defined as in [12]. This calculus
will be denoted below by HU com),

Let A be a predicate formula satisfying the following
conditions.

1) All predicate symbols included in A belong to the list
P1,P2, -, Pn  Of symbols having the dimensions
ki ky, ., ky.

2) All functional symbols included in A belong to the list
fi, for -, fm OF symbols having the dimensions Iy, I, ..., L.
3) All symbols of constants included in A belong to the list
aq,Aaz, .., Q.

Functional assignment (shortly, f-assignment) ¢ for a given
predicate formula A satisfying the conditions mentioned
above is defined as a correspondence giving for any
predicate symbol p;, any functional symbol f;, any symbol
a; of constant their ¢ -values such that the following
conditions hold.

1) The ¢-value of any predicate symbol p; having the
dimension k; is a k;-dimensional FRES-ideal.

2) The @-value of any functional symbol f; having the
dimension [; is a GRF depending on [; variables.

3) The ¢-value of any symbol of constant a; is an element
of the set N (i.e., a non-negative integer).

The interpretation of a formula A satisfying the conditions
mentioned above concerning an f-assignment ¢ and an
index majorant k is defined as a FRES-ideal I1y,; (A) by
induction following to the construction of the formula A as
follows.

If B is an elementary subformula of A having the form
pi(ty,ty, i ty) , Where 1<i<n m=k; and

ti,ty, ..., t,, are terms containing general functional
symbols, symbols of constants and object variables, then
I, x (B) is obtained using the following constructions. Let
h be the maximum of the indices i of object variables x;
contained in the terms ty,t,, ..., t,. The @-values of the
terms ty,t,, ..., t, may be represented (adding, if it is
necessary, additional fictitious object variables) as GRF,
correspondingly 4,4, ..., ¥, depending on variables
X1, X2, .., Xp. If a is any n-dimensional FRES, then by
a(Pq, 5, ..., Py,) We denote the recursively enumerable set
of (h+1) -tuples (xq,x3,..,xp,€) such that
(xq, %2, o, xp, 8) € a(Pq, P4, ..., Py if and only if
(¢1(x1Jx2v '"th)J 1,[)2(x1,x2, "'vxh)v

e, W (x4, %2, o0, xp), €) € Q.

Now let A be the @-value of p;. By A* we denote the h-
dimensional FRES-ideal generated by the set of FRESes
having the form a(q,¥,,...,Y¥,), where « € A. The
FRES-ideal I, ; (4) is defined as the k-dimensional FRES-
ideal generated by the set of FRESes having the form g x
Vk=h (obviously, if k is an index majorant of the formula 4,
then k > h).

If Band C are subformulas of A, then the FRES-ideals
My (B&C), My r(BVC), Myx(B > C), Nyi(Vx;i(B)),
My (3x;(B)), My (T), My, (F) are defined similarly to
the corresponding definitions given in [6] and [7] (see [6] p.
51; [7] p. 273).

In particular, by induction also the FRES-ideal I1,, x (4)is
defined.

We say that a formula A having the form mentioned above
is identically f-true if for any f-assignment ¢ and any
sufficiently great index majorant kIl (4) is a complete
FRES-ideal.

Theorem. Any predicate formula deducible in the calculus
HU com js identically f-true.
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