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ABSTRACT

Shannon in [1] and Povarov in [2] introduced the notion
of types of Boolean functions relating to Boolean
functions synthesis by switching circuits. Two Boolean
functions over n variables are considered equivalent if
one of them can be transformed into another one by
an isometric transformation of the vertices of the n-
dimensional unit cube. Isometric transformations form
a group generated by permutations of the variables and
negations of some of the variables.

It is easy to verify that equivalent Boolean functions
have an equal complexity for their synthesis by Disjunctive
Normal Forms (DNF) and by switching circuits.
Tabulating of Shannon-Povarov classes reduces the
problem of optimal synthesis of a given Boolean function
in the class of DNF or switching circuits to finding an
equivalent representative in the table.

In [3-7] the theory of Disjunctive Forms was introduced
as a natural generalization of the DNF theory for Boolean
functions. The main problem can be defined as follows.
Let f(x1,%2,...,2n) be a polynomial over Fy, where
F, stands for a finite field with p elements (p is prime).
One has to construct the minimal number of systems of
linear equations over n variables, such that the union of
the solution sets of the systems coincides with the set
of all solutions of the equation

f(z1,22,...,2,) = 0. In other words, the problem is to
find a cover of the set of the solutions of the polynomial
equation with a set of cosets of linear subspaces, using
the minimum possible number of cosets. For this problem
an analogue of Shannon-Povarov equivalence is the
equivalence of polynomials under the action of the group
of affine transformations of Fj;, which transforms cosets
into cosets of the same dimension. In this paper we prove
the asymptotic formula for the number of equivalence
classes of polynomials under the action of the affine
group of transformations.
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1. INTRODUCTION

Let x = (x1,...,%n), f(z) and g(z) be polynomials of
n variables over finite field F,. Ly C Fy is the set of
solutions for equation f(z1,...,zn) = 0. We call f and
g equivalent if there are invertible matrix A and vector
b so that Ly can be mapped one to one to L. For every
z€ Ly, vA+bec L.

The group of affine transformations of the form xA + b
acts on the subsets of F}'. We are interested to estimate
the number of equivalence classes.

The number of subsets of F}, is 2r"

There are (p"—1)(p"—p)(p"—p?) ... (p"—p" ") invertible
matrices and p" vectors. So the size of the group G,
would be A, = (p"—1)(p"—p)(p"—p°) ... (P"—p" " )p".
If we take p™ from all brackets we get
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Let M, be the number of orbits.

2. LOWER BOUND

In each orbit there could be at most A,, subsets. So

2p’r‘b
M, > —
= A,

3. UPPER BOUND

By Bernside’s lemma M, can be calculated using this
formula:

1
Mn= 1z 2 vl9)

Here 9(g) is the number of subsets which are not changed
when g acts on it.

¥(e) would be 2°". The next element of G, that keeps
the most of subsets unchanged is the matrix that swaps
two coordinates of vectors. Let’s denote that matrix by
o. Now we are going to calculate the number of subsets
that o leaves unchanged.

When ¢ # j we call the pair of vector (a1, ..
the vector (ai,...,an—2,7,1).

i an*Qa ia ])
In order to get a subset that is invariant to o we should

take the following vectors:

1) Vectors the last two coordinates of which are the
same.

2) From the set of vectors the last two coordinates of
which are different we should take a pair of vectors at
once.

Number of vectors the last two coordinates of which are



the same, is p"~'. So the number of subsets from 1) set
n—1

is 2P
Number of vectors in the remaining set is p™ — p™ 1.

Since we take pairs there are 2" =" "1/2 gubsets from

2) set.

There are (;) group elements that change a single coordinate

so the number of subsets that are invariant to them is
(n)Qp"_l .2(?"7?"_1)/2 — (")2(17"+p”’_1)/2
2 2 :

The next element of the group that keeps many elements
unchanged is the single vector addition.

Let’s fix a vector «. In order to get subsets that are
invarinat when « acts on them we should again take
vectors by pairs. The pair of vector u this time will be
u—+a. Thus, we get 27" /2 subsets that are invariant to o
and p™2”"/? subsets that are invarinat to a single vector
addition.

If we substitute the numbers we got in the formula of
Bernside’s lemma we get:

M, = Ai (21’" + <Z>2(P"+p"_l)/2 +pn2P"/2 +Bn> )

Where B,, is the sum of functions that are unchanged
when other elements are applied.

One can show that:

N @ S o

n

Anp"2P" /2 = o(2P")

AnB, = o(2P")

Thus, for all € > 0 and sufficiently large n (depending
on £), we have

n

21’
Mn < Tn(l +€)

So, upper and lower bounds are asimptotically the same.

Theorem 1. Asymptotic number of equivalence classes
of subsets of F,, under the action of the affine group of
transformations is equal to

2r"

M, ~ —
An

It follows from the above that almost all cosets have a
maximal size A,.
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