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ABSTRACT
In the weighted partial vertex cover problem (WPVC),
we are given a graph G = (V,E), cost function c : V →
N , profit function p : E → N , and positive integers R
and L. The goal is to check whether there is a sub-
set V ′ of cost at most R, such that the total profit of
edges covered by V ′ is at least L. In this paper we study
the fixed-parameter tractability (FPT) of WPVC in bi-
partite graphs (WPVCB). We prove that the question
about fixed-parameter tractability of WPVCB problem
is equivalent to its restriction when the input graph is a
complete bipartite graph. We consider one special case
of WPVCB, where we allow to take only one fractional
vertex and prove that this problem is FPT with respect
to R. We also prove that WPVCB is FPT with respect
to L. Finally, for bounded-degree graphs we show that
WPVC is FPT with respect to R.
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1. INTRODUCTION
In this paper, we consider finite, undirected graphs that
have no loops or multiple edges. As usual, the degree
of a vertex is the number of edges of the graph that are
incident to it. The maximum degree of the graph G is
just the maximum of all degrees of vertices of G.

A graph G = (V,E) is bipartite, if its vertex set can
be partitioned into 2 sets V1 and V2, so that an edge of
G joins a vertex from V1 to one from V2. A bipartite
graph G is said to be complete if any vertex from V1 is
joined to a vertex from V2. If G is a complete bipartite
graph with |V1| = m and |V2| = n, then we will denote
G as Km,n.

Definition 1. Given a graph G = (V,E), and a set
S ⊂ V of vertices, an edge (i, j) ∈ E is covered by S, if
i ∈ S, or j ∈ S.

Define E(S) to be the set of edges of G that are covered
with at least one vertex of S.

The classical Vertex Cover problem (VC) is defined as
finding the smallest set S of vertices of the input graph
G, so that E(S) = E. The vertex cover problem is a

well-known NP-complete problem [21]. The Partial
Vertex Cover problem represents a natural theoretical
generalization of VC, which is also motivated by practi-
cal applications. Flow-based risk-assessment models in
computational systems, for example, can be viewed as
instances of PVC [8].

The Parital Vertex Cover problem on bipartite graphs
is NP-hard. The computational complexity of this
problem has been open and recently and indepen-
dently shown to be NP-hard [3, 19, 9, 10]. Many 2-
approximation algorithms for VC are known [29]. There
is an approximation algorithm for the VC problem
which has an approximation factor of 2−θ( 1√

logn
) [20].

This is the best algorithm is date. The VC problem
is also known to be APX-complete [25]. Moreover, it
cannot be approximated within a factor of 1.3606 unless
P = NP [11] and not within any constant factor smaller
than 2, unless the unique games conjecture is false [22].
Let us note that in [18], a ( 4

3
+ ε)-approximation algo-

rithm is designed for WPVCB for each ε > 0.

All the hardness results for the VC problem directly ap-
ply to the PVC problem because the PVC problem is
an extension of the VC problem. Since 1990s the PVC
problem and the partial-cover variants of similar graph
problems have been extensively studied [7], [6], [16],
[15], [17], [23]. In particular, there is an O(n · logn+m)-
time 2-approximation algorithm based on the primal-
dual method [23], as well as another combinatorial 2-
approximation algorithm [27]. Both of these algorithms
are for a more general soft-capacitated version of PVC.
There are several older 2-approximations resulting from
different approaches [5], [7], [26], [13]. Let us also note
that the WPVC problem for trees (WPVCT) is stud-
ied in [24], where the authors provide an FPTAS for
it, and a polynomial time algorithm for the case when
vertices have no weights.

Another problem with close relationship to WPVC is
the Budgeted Maximum Coverage problem (BMC). In
this problem one tries to find a min-cost (the profit of
covered edges) is maximized. In some sense, this prob-
lem can be viewed as a problem “dual” to WPVC, and
it can be shown that both problems are equivalent from
the perspective of exact solvability. The BMC prob-
lem for sets (not necessarily graphs) admits a (1 − 1

e
)-

approximation algorithm [28] but, special cases that
beat this bound are rare. The pipage rounding tech-
nique gives a 3

4
-approximation algorithm for the BMC

problem on graphs [2] which is improved to 4
5

for bi-
partite graphs [4]. Finally, let us note that in [9, 10],
an 8/9-approximation algorithm for the problem is pre-



sented when the input graph is bipartite and the ver-
tices are unweighted. The result is based on the linear-
programming formulation of the problem, and the con-
stant 8/9 matches the integrality gap of the linear pro-
gram.

Recall that a combinatorial problem Π is said to be
fixed-parameter tractable (FPT) with respect to a pa-
rameter k, if there is an algorithm for solving Π exactly,
is bounded by f(k) · sizeO(1). Here f is some (com-
putable) function of k, and size is the length of the in-
put. From the perspective of fixed-parameter tractabil-
ity the PVC problem is in some sense more difficult
than the VC problem. For instance, the PVC problem
is W[1]-complete, while the VC problem is fixed pa-
rameter tractable [14]. Related with this topic, let us
note that in [1] it is shown that WPVCB is FPT with
respect to R, when the vertices and edges of the graph
are unweighted. By extending the methods of the au-
thors, it is easy to show that the case when edges may
have weights is also FPT with respect to R.

Below the formal definition of the main problem is
given.

Definition 2. Given an integer L, undirected bipar-
tite graph G = (V,E), and weight-functions w : V → N
and p : E → N . The WPVCB problem is defined as
finding a subset S ⊂ V such that

∑
e∈E(S)

p(e) ≥ L,

and
∑

v∈S
w(v) is minimized among all such subsets of

V .

The main goal of the present paper is to investigate
this problem from the perspective of fixed-parameter
tractability.

2. MAIN RESULTS
In this section we present our main results. The first
of them deals with the WPVCB’s extension when the
vertex and edge weights can be rational numbers. We
show that this assumption does not increase the com-
putational complexity of the problem.

Proposition 1. WPVCB is equivalent to its exten-
sion when vertex and edge weights can be rational num-
bers.

Our next result justifies why while considering WPVCB,
one can assume that the input graph is a complete bi-
partite.

Proposition 2. WPVCB is equivalent to its restric-
tion when the input graph G is a complete bipartite graph
Km,n.

Next, we consider a version of the partial vertex cover
problem where some vertices may be taken fractionally.
When a vertex v is taken to an extent of α, (0 < α < 1),
we will assume that it contributes to the weight or cost
of the cover by α ·w(v), and to the coverage by α · p(v).
If a vertex v is taken fractionally, we will say that v is
a fractional vertex.

Lemma 1. WPVCB is fixed-parameter tractable
with respect to R when we consider a version of the
WPVCB problem, where we allow to take only one frac-
tional vertex.

When the input graph is a union of stars.

Theorem 1. WPVCB is fixed-parameter tractable
with respect to R when the input graph is a union of
stars.

A class of graphs is said to be bounded-degree, if there
is a constant C, such that all graphs from the class have
maximum degrees at most C. It turns out that when
the input graphs have bounded-degree and need not be
bipartite, we have the following result:

Theorem 2. WPVC is fixed-parameter tractable
with respect to R when the input graph is bounded-
degree.

Finally, if we consider the same WPVCB problem with
respect to another parameter, more precisely, L, then
the following result holds:

Theorem 3. WPVCB is fixed-parameter tractable
with respect to L.
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