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ABSTRACT

during which the machine meets the requirement.

A proper edge t-coloring of an undirected, simple, finite,
connected graph G is a coloring of its edges with colors
1, 2, ..., t such that all colors are used, and no two adjacent edges receive the same color. A cyclically interval
t-coloring of a graph G is a proper edge t-coloring of G
such that for each its vertex x, either the set of colors
used on edges incident to x or the set of colors not used
on edges incident to x forms an interval of integers. For
any t ∈ N , let Mt be the set of graphs for which there
exists a cyclically-interval t-coloring. Examples S
of bipartite graphs that do not belong to the class
Mt
t≥1

are constructed.
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We consider undirected, simple, finite, and connected
graphs. For a graph G we denote by V (G) and E(G)
the sets of its vertices and edges, respectively. For a
graph G, we denote by ∆(G) and χ0 (G) the maximum
degree of a vertex of G and the chromatic index of G [1],
respectively. The terms and concepts which are not
defined can be found in [2].
For an arbitrary finite set A, we denote by |A| the number of elements of A.
A proper edge t-coloring of an undirected, simple, finite,
connected graph G is a coloring of its edges with colors
1, 2, ..., t such that all colors are used, and no two adjacent edges receive the same color. A cyclically interval
t-coloring of a graph G is a proper edge t-coloring of G
such that for each its vertex x, either the set of colors
used on edges incident to x or the set of colors not used
on edges incident to x forms an interval of integers.
Cyclically-interval colorings of bipartite graphs can be
used for the mathematical modelling of the problems
of existence and construction of time-tables of ”twosided” processes. An example of this is the production,
in which one side represents the requirements, and the
other side represents the machines which meet these requirements. Cyclically-interval colorings correspond to
the case when the process should be organized without
”gaps” in a “24-hour” regime. In such a case, the color
of the edge in a cyclically-interval coloring of a bipartite graph is interpreted as the number of the “hour”,

For any t ∈ N , we denote by Mt the set of graphs for
which there exists a cyclically-interval t-coloring. Let
[
Mt .
M≡
t≥1

For an arbitrary tree D, it was shown in [3, 4] that
D ∈ M, and, moreover, all possible values of t were
found for which D ∈ Mt . For an arbitrary simple cycle
C, it was shown in [5, 6] that C ∈ M, and, moreover,
all possible values of t were found for which C ∈ Mt .
Some interesting results on this and related topics were
obtained in [7–21].
In this paper, the examples of bipartite graphs that do
not belong to the class M are constructed.
For any integer m ≥ 2, set:
V0,m ≡ {x0 }, V1,m ≡ {xi,j /1 ≤ i < j ≤ m},
V2,m ≡ {yp,q /1 ≤ p ≤ m, 1 ≤ q ≤ m},
0
Em
≡ {(x0 , yp,q )/1 ≤ p ≤ m, 1 ≤ q ≤ m}.

For any integers i, j, m satisfying the inequalities m ≥ 2,
1 ≤ i < j ≤ m, set:
00
Ei,j,m
≡ {(xi,j , yi,q ), (xi,j , yj,q )/1 ≤ q ≤ m}.

For any integer m ≥ 2, let us define a graph G(m) by
the following way:
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[
[
0
00
Vk,m , Em ∪ 
Ei,j,m  .
G(m) ≡ 
k=0

1≤i<j≤m

It is not difficult to see that for any integer m ≥ 2, G(m)
is a bipartite graph with ∆(G(m)) = χ0 (G(m)) = m2 ,
2
|V (G(m))| = 3m 2−m + 1, |E(G(m))| = m3 .
Theorem 1. For any integer m ≥ 8, G(m) ∈
/ M.
We prove the theorem by the method of contradiction.
We show that for any m ≥ 8, if the statement of the
theorem is wrong, then in every cyclically-interval tcoloring of G(m) (∆(G(m)) ≤ t ≤ |E(G(m))|) we can
find an edge (z 0 , z 00 ) of the graph, the color of which
cannot be used for an edge that is incident to z 0 .
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