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ABSTRACT

In this communication a non-local modified character-
istic problem for a second order quasi-linear equation
with real characteristics is investigated.
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We investigate a modified characteristic problem for a
second order quasi-linear equation with real characteris-
tics. As it is known, characteristics of quasi-linear equa-
tions may depend on values of an unknown solution and
its derivatives. In such a case they are unknown and
should be defined simultaneously with a solution (see
[1]). Characteristics of such equations may form fam-
ilies of any geometry. However, there exist equations,
for which these characteristic families may have a quite
definite configuration.

Let us consider one non-local problem and its discrete
analogue for non-strictly hyperbolic equation

The characteristic roots of (1) are Ay = 1 and A
Uz + uy. (1) is a hyperbolic equation, but in the case
Uz +uy = 1 it degenerates parabolically. Therefore, the
class of hyperbolic solutions of the considered equation
should be defined by the condition uz + uy, — 1 # 0.

If we know the value of the sum

uz (0, Yo) + uy(To,yo) = a(zo, Yo)

for some set of points (zo,%o) from the plane R?, then
the characteristics of the family of the root A2 are rep-
resentable as y — yo = a(zo, yo)(x — o).

If a(xo,y0) = 1, then the equation parabolically degen-
erates all over the straight line y — yo = x — xo. If the
condition

a(z,0) # 1, z € 0,4q] (2)

is fulfilled, the characteristics of the family of the root
A2 have the form y = a(zo,0)(x — z0), o € [0,a], and
they intersect with the straight line y = x at the point
(1(z0), u(xo)), where

za(z,0)

nlw) = a(z,0)—1°
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The Darboux type nonlocal problem. Find a reg-
ular solution u(z,y) of equation (1) and, along with it,
the domain of its propagation if it satisfies condition (2)
and the nonlocal condition

u(z,0) + Bz) u(p(z), p(x)) = ¢(x), ®3)

where a, B, p € C?[0,a] are given functions and a(zx) =
a(z,0).

z € [0,al,

The similar problems were studied by different authors
(see, for example, [2]). We formulate without proof the-
orems, in which the solution of the problem (1,3) is in-
vestigated.

Theorem 1. Let the following conditions be fulfilled:
4)

Then there exists a unique regular solution of the non-
local problem (1,3) in a characteristic triangle bounded
by the data supports and characteristic y = a(a)(xz —a).

[2a(z) — 1] > 1,—c0 < a/(x) < 0,z € [0,a],5(0) # 1.

Theorem 2. Let the conditions (4) be fulfilled and the
system

z —ta(t)

(z = t)a(t)
1—alt)’

1—a(t)

define a unique inverse transformation from the argu-
ments z,t to the arguments x,y:

xTr = Yy =

z=y—=z, t =R(z,y).

Then in the characteristic triangle there exists a unique
regular solution of the nonlocal problem (1-3), which is
given by the formula

T

u(e,y) = / (a(r) — g(r)) dr+

where



Theorem 3. The problem (1-3) is equivalent to the
following initial problem: let us find the regular solution
of (1) if the following conditions are satisfied:

u(ac,O) = f(-T)7 uy(a:,O) = g(:l:’), (6)

where

F(@) = p(a) + 8) - [ u(0,0) + / ot) - 1 (8) dt

and g is given by (5).

The proofs of these theorems can be found in [3].

Below is given the graph of the exact solution of problem
(1-3) for specific values of functions «, 8 and ¢ such that
the conditions of Theorem 1 are satisfied.

Figure 1: The solution of the problem (1-3), a =
—2x—2, =2, p=ux,a=D50.

Let us consider the discrete analog of the problem (1-3).
According to Theorem 3, we claim that the problem (1-
3) is equivalent to the problem (1),(6). Let us formulate
a discrete analog of the problem (1), (6), which is based
on the numerical characteristic method.

Let us define a regular mesh on the interval [0, a:

..,N, Nh=a}

Wh Z{Ei, xi:ih, iZO,l,.

The following system is a difference analog of the char-
acteristic differential forms of (1):

gy - g = E -3,

g =g = G + gy @ETY -3,
B =B = G g @ Y - ™),
PV =B Y = =0,
W = GG — )

A -5+
F D EY - FD) + T E - ),
=%, 79 =0, & =u@,0),

B = f(@,0), ¢ =g(:,0),
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..,N—1, Nh=a.

We realize the recalculation by the following scheme:

el O - O3
g =g = G gt @EY -7,
P =B = Y @)@ - ™),
P = et - g =0,
~(n 1 n ~(n ~(n
e = L e o)
1
_,'_gagn-!—l)(gl(n-&-l) _ﬂgn))_’_
1 —(nt1) ~(nt+1)  ~(n
+§1A7§+1 )(335 )~ m£+)1)+
1
A a5,
i,n=0,1,...,.N—1, Nh=a.

Theorem 4. Assume that there exists a unique reg-
ular solution of the problem (1-8). Then the solution
of the above differential scheme u converges to the solu-
tion u of the problem (1-8) with order O(h?), where h =
max(hi, ha), h1 = max |E(1)—E§0)|, hs = max |;Ayf-1)—

0<i<N

i 0<i<N
0
7).
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