
Some Non-linear Version of a Non-local Problem
and Its Discrete Analogy

Marine Menteshashvili
Muskhelishvili Institute of Computational

Mathematics of the Georgian Technical University;
Sokhumi State University

Tbilisi, Georgia

e-mail: m.menteshashvili@gtu.ge

Vakhtang Kvaratskhelia
Muskhelishvili Institute of Computational

Mathematics of the Georgian Technical University
Tbilisi, Georgia

e-mail: v.kvaratskhelia@gtu.ge

ABSTRACT
In this communication a non-local modified character-
istic problem for a second order quasi-linear equation
with real characteristics is investigated.

Keywords
Non-local problem, hyperbolic equation, difference sche-
me.

We investigate a modified characteristic problem for a
second order quasi-linear equation with real characteris-
tics. As it is known, characteristics of quasi-linear equa-
tions may depend on values of an unknown solution and
its derivatives. In such a case they are unknown and
should be defined simultaneously with a solution (see
[1]). Characteristics of such equations may form fam-
ilies of any geometry. However, there exist equations,
for which these characteristic families may have a quite
definite configuration.

Let us consider one non-local problem and its discrete
analogue for non-strictly hyperbolic equation

uxx + (1 + ux + uy)uxy + (ux + uy)uyy = 0. (1)

The characteristic roots of (1) are λ1 = 1 and λ2 =
ux + uy. (1) is a hyperbolic equation, but in the case
ux +uy = 1 it degenerates parabolically. Therefore, the
class of hyperbolic solutions of the considered equation
should be defined by the condition ux + uy − 1 6= 0.

If we know the value of the sum

ux(x0, y0) + uy(x0, y0) ≡ α(x0, y0)

for some set of points (x0, y0) from the plane R2, then
the characteristics of the family of the root λ2 are rep-
resentable as y − y0 = α(x0, y0)(x− x0).

If α(x0, y0) = 1, then the equation parabolically degen-
erates all over the straight line y − y0 = x − x0. If the
condition

α(x, 0) 6= 1, x ∈ [0, a] (2)

is fulfilled, the characteristics of the family of the root
λ2 have the form y = α(x0, 0)(x − x0), x0 ∈ [0, a], and
they intersect with the straight line y = x at the point
(µ(x0), µ(x0)), where

µ(x) =
xα(x, 0)

α(x, 0)− 1
.

The Darboux type nonlocal problem. Find a reg-
ular solution u(x, y) of equation (1) and, along with it,
the domain of its propagation if it satisfies condition (2)
and the nonlocal condition

u(x, 0) + β(x)u(µ(x), µ(x)) = ϕ(x), x ∈ [0, a], (3)

where α, β, ϕ ∈ C2[0, a] are given functions and α(x) ≡
α(x, 0).

The similar problems were studied by different authors
(see, for example, [2]). We formulate without proof the-
orems, in which the solution of the problem (1,3) is in-
vestigated.

Theorem 1. Let the following conditions be fulfilled:

|2α(x)− 1| > 1,−∞ < α′(x) < 0, x ∈ [0, a], β(0) 6= 1. (4)

Then there exists a unique regular solution of the non-
local problem (1,3) in a characteristic triangle bounded
by the data supports and characteristic y = α(a)(x−a).

Theorem 2. Let the conditions (4) be fulfilled and the
system

x =
z − tα(t)

1− α(t)
, y =

(z − t)α(t)

1− α(t)

define a unique inverse transformation from the argu-
ments z, t to the arguments x, y:

z = y − x, t = R(x, y).

Then in the characteristic triangle there exists a unique
regular solution of the nonlocal problem (1–3), which is
given by the formula

u(x, y) =

x∫
0

(α(τ)− g(τ)) dτ+

+

y∫
0

(
g(x− τ) + log

α(x− τ)− 1

α(R(x, τ))− 1

)
dτ,

where

g(x) = α(x)− ϕ′(x)−

−β′(x)

u(0, 0) +

x∫
0

α(t)µ′(t) dt

−
−β(x)α(x)µ′(x). (5)
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Theorem 3. The problem (1–3) is equivalent to the
following initial problem: let us find the regular solution
of (1) if the following conditions are satisfied:

u(x, 0) = f(x), uy(x, 0) = g(x), (6)

where

f(x) = ϕ(x) + β(x) ·

u(0, 0) +

x∫
0

α(t) · µ′(t) dt


and g is given by (5).

The proofs of these theorems can be found in [3].

Below is given the graph of the exact solution of problem
(1-3) for specific values of functions α, β and ϕ such that
the conditions of Theorem 1 are satisfied.

Figure 1: The solution of the problem (1-3), α =
−2x− 2, β = 2, ϕ = x, a = 50.

Let us consider the discrete analog of the problem (1–3).
According to Theorem 3, we claim that the problem (1–
3) is equivalent to the problem (1),(6). Let us formulate
a discrete analog of the problem (1), (6), which is based
on the numerical characteristic method.

Let us define a regular mesh on the interval [0, a]:

ωh = {x̃i, x̃i = ih, i = 0, 1, . . . , N, Nh = a}

The following system is a difference analog of the char-
acteristic differential forms of (1):

ỹ
(n+1)
i − ỹ(n)

i = x̃
(n+1)
i − x̃(n)

i ,

ỹ
(n+1)
i − ỹ(n)

i+1 = (p̃
(n)
i + q̃

(n)
i )(x̃

(n+1)
i − x̃(n)

i+1),

p̃
(n+1)
i − p̃(n)

i = (p̃
(n)
i + q̃

(n)
i )(q̃

(n+1)
i − q̃(n)

i ),

p̃
(n+1)
i − p̃(n)

i+1 + q̃
(n+1)
i − q̃(n)

i+1 = 0,

ũ
(n+1)
i =

1

2
p̃
(n)
i (x̃

(n+1)
i − x̃(n)

i )+

1

2
q̃
(n)
i (ỹ

(n+1)
i − ỹ(n)

i )+

+
1

2
(p̃

(n)
i+1(x̃

(n+1)
i − x̃(n)

i+1) + q̃
(n)
i+1(ỹ

(n+1)
i − ỹ(n)

i+1)),

x̃
(0)
i = x̃i, ỹ

(0)
i = 0, ũ

(0)
i = u(x̃i, 0),

p̃
(0)
i = f ′(x̃i, 0), q̃

(0)
i = g(x̃i, 0),

i, n = 0, 1, . . . , N − 1, Nh = a.

We realize the recalculation by the following scheme:

ỹ
(n+1)
i − ỹ(n)

i = x̃
(n+1)
i − x̃(n)

i ,

ỹ
(n+1)
i − ỹ(n)

i+1 = (p̃
(n+1)
i + q̃

(n+1)
i )(x̃

(n+1)
i − x̃(n)

i+1),

p̃
(n+1)
i − p̃(n)

i = (p̃
(n+1)
i + q̃

(n+1)
i )(q̃

(n+1)
i − q̃(n)

i ),

p̃
(n+1)
i − p̃(n)

i+1 + q̃
(n+1)
i − q̃(n)

i+1 = 0,

ũ
(n+1)
i =

1

2
p̃
(n+1)
i (x̃

(n+1)
i − x̃(n)

i )+

+
1

2
q̃
(n+1)
i (ỹ

(n+1)
i − ỹ(n)

i )+

+
1

2
p̃
(n+1)
i+1 (x̃

(n+1)
i − x̃(n)

i+1)+

+
1

2
q̃
(n+1)
i+1 (ỹ

(n+1)
i − ỹ(n)

i+1),

i, n = 0, 1, . . . , N − 1, Nh = a.

Theorem 4. Assume that there exists a unique reg-
ular solution of the problem (1–3). Then the solution
of the above differential scheme ũ converges to the solu-
tion u of the problem (1–3) with order O(h2), where h =

max(h1, h2), h1 = max
0≤i≤N

|x̃(1)i −x̃
(0)
i |, h2 = max

0≤i≤N
|ỹ(1)i −

ỹ
(0)
i |.
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