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Abstract—In the present work the problems related to the
construction of a probabilistic model of the Cartesian product
of canonically conjugated fuzzy subsets is investigated. The case
of the Cartesian product of two fuzzy subsets with commuting
colors is considered in detail. It is shown that the model most
fully reflects the special "additional" nature of the connection
between two canonically conjugated colors.
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I. INTRODUCTION

The main content of this work is the problem of
constructing a probabilistic model of the Cartesian product
of canonically conjugated fuzzy subsets, in which the
compatibility function is calculated on the basis of the
corresponding characteristic function of the Cartesian
product. For the conciseness and simplicity of presentation,
we will use the definitions and terminology introduced in [1-
3]

In the theory of canonically conjugated fuzzy subsets, it
is usually assumed that canonically conjugated colors deal
with the properties of information functions and linear
operators in Hilbert space so that each information state
corresponds to the assessment of the compatibility function,
and each color - to the operator. In this case, the information
state means a set of information that is a result of the activity
of the expert making the measurements.

In the first section of this work, the characteristic
function of the Cartesian product of two canonically
conjugated fuzzy subsets is introduced into the
consideration, on the basis of which, in the case of
commuting color operators, relationships are obtained to
calculate the density of the distribution of the Cartesian
product of colors. It is also shown here that these expressions
can be easily generalized to the case of the Cartesian product
of any finite number of commuting color multipliers.
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In the second section, it is shown that from the
probabilistic model of the Cartesian product of two fuzzy
subsets, the expression can be obtained, which establishes a
connection between the dispersions of canonically
conjugated colors.

II. CARTESIAN PRODUCT OF COLORS

The construction of a probabilistic model of a Cartesian
product of canonically conjugated fuzzy subsets is of
particular interest, since the definition of a Cartesian product
given here differs from the one proposed by Zade [4]. It's
important to note that this model fully reflects the special
("additional") nature of the connection between two
canonically conjugated colors & and §°.

Before the construction of a Cartesian model, we will
consider some basic definitions and concepts from [1]

regarding the numerical characteristic of the color of 2,
which will be used in the future.

Assumption (basic). The numerical characteristic &, of
color g is a random variable (£, € R), the probability
distribution of which is characterized by density p, (x,, ),

[ potrrar, =1
R
Definition 1. A quantity

I:u = M{@ = fR xwpp(xw)dxw-'

is a mathematical expectation, called a computable value of
color g at the point of the universal set ().

03(@) = Dg = [ (v~ ¥)per) e
R
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Note that the formula for x, establishes the relation
between the set R of computable values of color §2 and the
universal set (.

The presence of color §2 at the point ¢, in addition to the
value M f@ is characterized by dispersion:

73(@) = Dg = [ (v = 20)pp(ra)

It is important to note that namely ¢ (w) is associated with

the uncertainty of the color value §2 at the point w. If
Jé,(w) — (), then we can say that the color 2 at the point

«w has a well-defined value. The larger the variance Ulé({u),

the more uncertain the color f at the point w. If
05(w) — oo, then w does not have the color .

Definition 2. The information function of color § is called
the expression

X, #) = pplx,)e'®e,

where the real value ¢ is an arbitrary phase.

Remark. This function, that is, Dirac's parentheses [5], we
will use to represent the information (uncertainties)
contained in the color §2. The square of the information
function module represents the compatibility function, more
precisely, the corresponding density

p,w(xm) = Ixm: 50}+|xm: 5/'3') = {xm:;ﬁ:’lxm: ;E/‘)}

When calculating the compatibility function of the
Cartesian product of two fuzzy subsets, we will proceed
from the corresponding characteristic function.

Let be given two fuzzy subsets of Ry and R, , £, and
§2, are the colors, using which we can differ the elements of

two subsets, and f, and 9, are the corresponding
operators.

At first, we will consider the case of commuting
operators.

Using Dirac  parentheses, we denote through
|xml,xw2; 501,502) the function that belongs to

I*(R, xR,) (Hilbert space) and determines the
compatibility function of the Cartesian product:

p.@l HiDn (le’xwa) =
= {xm.!xmq:ﬁlfﬁﬂxm.!xmq: ﬁlrﬁz}' (1)

#.$| M (IEL’H Ifd-’-z} = (2)

J‘J‘{xmi’xmz:ﬁl’ﬁz|xwl’xm3: g/')lfg/')Z}dxmldxmzl

o

where

Q = H,{;},qu (wl:ﬂ-‘zj = Hp, (w’l) x Hiaq (wz) (3)

Definition 3. Two fuzzy numbers x;, and x,, are called
non-interacting if

|xm.1xmq3 21.602) = lxm.: 21) lxmqi @22). 4

Otherwise, these numbers will be called interacting
numbers.

Consider the operator
M(ay,a;) = expliay @1 + a2,)] &)

Note that if 531 and 532 commute, then the operator (5) has
a completely obvious meaning.

Definition 4. The scalar product
M(ay,a;) = (6)
= (¥, Yoo 801,822 | M@y, 05) %0, %005 §01,692))

is called the characteristic function of color 2 X f2-.

Theorem. The density Py . (1‘ wyr X w?) is calculated
using the formula:

1

p.@’ix?z (le’x“’z) = ; ™
: j f M(a,, ay)exp|—i(ax, + ayx, )]da;da,,
R, R,
Proof: Substitute (6) in (7):
p.ﬁh)(.ﬁ?q (xml’xﬁdu) = (8)

1 .
=z J dzrld(rzexp[—ﬂ:trlxml + ‘szmg]] =

R, %R,
= ﬂ dx', dx'y, -
R, %Rn
) (xruJ|JxruJ~l.' 501;502 Exp[l{gljal + aﬂjaf)]lxruﬂxruﬁ ﬁl!gﬂf)'

When x,, and X, are non-interacting fuzzy numbers,

Lo
then it is obvious that

Pl Yo 01.602) = Xi|xy, X0 P1L802) )
i=1.2.

It is natural to assume that the same relations occur in the
case of interacting fuzzy numbers. So, we can write:

P.iih)‘.ii?-:[:xﬁdl’xw'!):
2
= ff It 56 01,0020 6(x, =20,
R, %Ban
2
- 8(xt,, =, ), dxl,, = |y 2 0000

where § is a generalized Kronecker symbol.
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It should be noted that using the density of the scalar product

P, %@, { W, 2), you can calculate distribution densities
for colors §24 and 24
pjﬁi (xwij = J‘R p@ﬁix‘iﬂg [:xwi xﬁdg)dxﬁdg (10)
P@ag (xng = fg p@pixpg [:xml xﬁdg)dxﬁdi' (11)

The ratios (5) to (11) can be easily generalized to the
case of the Cartesian product of any finite number of
commuting color multipliers:

M(ay, -, a,) = exp(i¥io @), (12)
M(ay, -, a,) = (13)
(XX 1801 0l My, )| X e X 3800, )
oo, oo Kaspr 1 Xy ) = (14)
=;J‘M(n' L )e_izﬁﬂa"xwkﬁd(r
(2m)" i N 11 k-

Note that with this density of commuting colors it is
possible to obtain densities corresponding to a smaller
number of multipliers by integration over the corresponding
variables.

The various formulations of problems are possible in
which information functions in phase space can be
associated with both the information state and the colors
evaluated (observed) by experts. But the case of the
Cartesian product of two fuzzy subsets with non-commuting
colors requires special consideration. Recall [1] that such a
formalism is based on the well-known Weyl transformation
[6] and the use of Wigner functions [7].

ITI. RELATIONSHIP BETWEEN VARIANCES OF CANONICALLY
CONJUGATED COLORS

Now we will show that from the probabilistic model of
the Cartesian product of two fuzzy subsets the relation

(15)

2
2 2 €
= T —
Op Op° =7

follows for dispersions Uléj and U;c
conjugated colors § and §° in the form of the uncertainty
principle [1].

of canonically

This fact indicates the advantage of the proposed model
of Cartesian product.

We denote using @ and E the operators with zero averages
{(x,; @@ |x,; ) = (xm: 5/'}| p |xm: 2)-
Using the well-known Schwartz inequality, we get

(x: o] @B |x,; o) < (16)

l'\)ll—‘

< ((x,; 01 @ Jr,; )2 ((xa: ol B |xo: 99)2

The operators @ and E can also be matched with random
variables a(x,,) and B(x,) so that the following relations
are performed

(ro: ol aplx,; o) =

= [, alx,)B(x,)py(x,)dx, =aB, (17
(x,; @1 @ |x,; o) =

= [, a?(x,)py(x,)dx, =a®> =02  (18)
(o 92| B |x.; 90) =

= Jp B*(x,) pp(x,)dx,, =gz (19

Therefore, if we put a(x,)= (x.,)y, — (xiy)y, and

B(x,)=x, — x_,, where
(Icw Xy I [:lcw)xm Pga [:l )dlm ! (20)
then
[ (Greads, = e (o =30 po(x)d, | <
R
= 0,0p. 21
Next, consider a random variable
a'(x, )——hlp@(l ) = (x ) dxg, ng(
(22)
It is evident, that
P d . . .
a (lm) = fR (Ehlpg}(lm))pgr(lm)dlm -
' +oo
= [p Plplxn)dx, = pp(x)| =0, @3

() = Jy (25 py(r,) pp(r )i,
—JR P@z(l )P (xe) pp(xy,)dx,,.

Suppose that d— |x,; ) € L*(R). In this case
X ter

s ﬁlnp@uw)p@txw}m -

_r 4 F”fo(xw)
=l o (B2 pe e,

= [ pp(x,)dx, — [ (pp(xm]) P (x,)dx,,

2
_ Plo (xw]) ) i
- IR (ng(xm] pg}[:lm)dlw
Therefore

a?(x,) =~ [, (55 npe(x)) po(x,)dx,
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Considering further the formula for the conditional
dispersion U;}c of color #° from[1],

2 inpy (x.),

2 - * - &) c?
Uggc = (lgm) - ((lm) .Jz = _:dx,

24)

we will get:

(IFQ (’Tm) = % JR U;—ﬁ' (I:mlxw}pﬁ(xm)dxm B (25)

a'(x,)(x, —x,)=

= fp (to = x2) (=g () p(xa)dx,,

fed

= o (o = x0T pp(xu)dx, = (26)

(x, — x;)pgj[xw)lt: = Jp pp(x,)dx, = —1.

By comparing (24), (25) and the definition of a(x,, ), we see
that we can put a'(x,,) = a(x,,). Therefore (21) gives:

. -
U;? fR U;C (xcmllm}p@(lmjdlm i:'

Since the integral in this inequality is J;}c, we get the ratio

(15).

REFERENCES

[1] H. Meladze, G. Tsertsvadze and T. Davitashvili, "About the
Spectrum of the Eigenvalues of Color Operators in a Theory of
Canonically Conjugate Fuzzy Subsets," 2019 Computer Science
and Information Technologies (CSIT), 2019, pp. 101-104,
doi:10.1109/CSITechnol.2019.8895164.

[2] T. Gachechiladze, H. Meladze, G. Tsertsvadze, N. Archvadze, and
T. Davitashvili. “New chromotheory of canonicaly conjugate fuzzy
subsets”, Proceedings of the conference “Computing 2008”,
Thilisi, pp.56-58, 2008.

[3] T. Gachechiladze, H. Meladze, G. Tsertsvadze, and M. Tsintsadze,
“New chromo theory of canonically conjugate fuzzy subset”,
Proceedings of the 3rd WSEAS International Conference on
Computational Intelligence (CI '09), Thbilisi, Georgia, June 26-28,
pp.410-413, 2009.

[4] L.A. Zadeh, The Concept of a Linguistic Variable and its
Application to Approximate Reasoning, EECS Department,
University of California, Berkeley, 1973.

[5] John von Neumann, Mathematical Foundations of Quantum
Mechanics, Beyer, R. T., trans., Princeton Univ. Press. 1996.

[6] B. Leaf, Weyl “Transformation and the classical limit of quantum
mechanics”, J. Math. Phys., vol. 9, pp. 65-72, 1968.

[7] David K Ferry, Mihail Nedjalkov. The Wigner Function in Science
and Technology, 10P Publishing, Bristol, UK, 2018.

127



