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Abstract—A cap in a projective or affine geometry over a
finite field is a set of points no three of which are collinear.
We give some new constructions for complete caps in affine
geometry AG(n, 3), some of which have maximal possible sizes.
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I. INTRODUCTION

The main problem in the theory of caps is to find the
minimal and maximal sizes of complete caps in projective
geometry PG(n, ¢) or in affine geometry AG(n, ¢). De-
termining the exact value of the minimum and maximum
cardinality of caps in projective geometry PG(n, ¢) or in
affine geometry AG(n, ¢) seems to be a very hard problem.
There are some well-known constructions (doubling, product
and recursive), which allow to create large high-dimensional
caps based on large low-dimensional caps. Note that the
problem of determining the complete cap of the minimum size
is of particular interest in the Coding theory. In this paper, we
consider the problem of constructing complete caps in affine
geometry AG(n, 3) over the field F3 = {0, 1, 2}. A cap
is a set of points, no three of which are collinear. A cap is
called complete when it cannot be extended to a larger one.
Let us denote the size of the largest caps in AG(n, ¢) and
PG(n, q) by ¢, 4 and by cln’ ¢ respectively. Presently, only the
following exact values are known: ¢, 2 = cln’2 =
Chq = q+1if qis odd, coq =
and ¢34 = ¢°, c/37q = q? +1 [1,2]. Apart from these general
results, the exact values are known in the following cases:
ca =y =20 [3], c55 =56 [4], c53 = 45 [5], caa =
40, 0;14 = 41 [6], cs,3 = 112 [7]. In the other cases, only
lower and upper bounds on the sizes of caps in AG(n, q)
and PG(n, q) are known [8, 9, 10]. In this paper, we give
some new constructions for complete caps in affine geometry
AG(n, 3) implying some well-known results.
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Coq = q+ 2 1if g is even,

II. MAIN RESULTS

It is not difficult to see that if C,, is a cap in AG(n, 3), then
a+ B+ # 0(mod 3) for every triple of distinct points
a, B, € C,. For the point a € AG(n, 3), let’s denote

a0)={i |oy =0, i €[1, n]},

a(l) ={i|a; =1, i €[1, n]},

al2)={ila; =2, i €[1, n]},
X(a) ={x |x € AG(n, 3), =(0) = a(0)}.
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Further, let
B, ={a=(a1,..., an) | a; = 1,2},
B, ={a € B, | |a(l)| is odd},
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B, ={a € B, | |a(1)| is even}.

In 2015, the second author [11] introduced the concept of
P,,-set, which we use in our research. Notice that the set of
the points A C AG(n, 3) is called a P,-set, if it satisfies the
following two conditions:

1) for any two distinct points a, 3 € A, there exists such 4
that a; = 8; = 0, where 1 < i < n,

i1) for any triple of distinct points ¢, 3,y € A, a+ B+~ #
0(mod 3).

Throughout this article, the notation P, (P,,) will mean
P,-set (P,,-set). We call P, to be complete when it cannot be
extended to a larger one. By the mirror inversion of the point
a=(ay,..., a,) we mean the point & = (v, ap—1, ..., @1).
We will define P, as the mirror inversion of all points of
the set P,. The set P, is called odd, if |a(0)| is odd for
every point « € P,. The set P, is called b-saturated, if
X(a) C P, for every point @ € P,, where b = 1,2. We
will define the concatenation of the points of sets in the
following way. Let A C AG(n, 3) and B C AG(m, 3).
Form a new set AB C AG(n + m, 3) consisting of
all points o = (a1,..., Qn, Qntly--sy Qnim) Where
oV = (ay,.., a,) € Aand a® = (api1, ..., Qnpm) € B.
Similarly, one can define the concatenation of the points for
any number of sets.

Theorem 1. The complete set A C AG(n, 3) is a b-
saturated P, set if and only if it satisfies the following two
conditions:

i) for any two distinct points «, 3 € A, there exists such 4
that a; = 8; = 0, where 1 < i < n,

1i1) for any triple of distinct points a, B, v € A, «(0) =
B(0) = ~(0) or for two of them, say for o and 3, there
exists such ¢ that o; = 5; = 0 and =, # 0, where 1 < i < n.

Theorem 2. If P, is b-saturated, complete and odd, then
C, =P,UB,(C, =P,UB,) is a complete cap.

Corollary 1. cg 3 > 112 [7, 10].
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Corollary 2. c11,3 > 5504.

It seems that this lower bound currently is the best one. Put
E2n = {el,l = (17 07"'7 0)3 €12 = (27 07"'7 0))
0, 1,.., 0), e = (0, 2,..., 0),...,
0, 0,..., 1), ean2=1(0, 0,..., 2)}.

Theorem 3. Let Py, be a b-saturated, complete Aand odd set.
If |(0)| > 3 for every point € Py, and Py, NPy, = (@ then
G = (PanUB3, }{(0)}U{Pan U B, (D} UL }{(2))
is a cap.

€21 =

Corollary 3. c73 > 236 [10].

For the given three complete sets P,,, P,, and P,,, form
the following set P, Py, By, U P, By, P, U B, P,,P,,. It
is known [11, 12] that the formed set is a complete P, -set,
where n = Zf’zl n; and ny, no, ng are any integers.

Theorem 4. Let P,,,, P,,, P,, be b-saturated and complete
sets. If two of the sets P,,, P,,, Pn,, say P,,, P,,, are
odd, then C,, = P, U B, B, B,, is a complete cap, where
P, = Py, Py, By, UP,, By, Py, UBy, Py Py, n= 50 m,
and ny, ng, ng are any integers.

Corollary 4. c109,3 > 2240 [9].

For the given complete sets P,,, Pp,, Pn,, Pn,, P, and
P, , form the following ten sets:

A = Pn1Pn2Pn33n4anBn67
A2 = PnlpnangBm;anPns?
AS = Pnl Bng P7L3Bn4pn5 Bnm
A4 = Bnlpngpngpn4Bn5Bn67
A5 = BnanQPn3Pn4Bn5Pnga
AG = BnanQPnan4Pn5P’n67
A7 = Bnlpnan3Pn4Pn5Bn57
AS = Bnl P7L2 Bng Bn4Pn5 me
AQ = Pnanan3Pn4Bn5Pn67

AlO = Pn1 Bnan3Pn4Pn5Bn6'

It is known [12, 13] that U}, A; is a complete P,-set,
where n = Z?zl n; and ny, Mo, N3, N4, N5, Ng are any
integers.

Theorem 5. Let P,,, P,,, Pn,, Pn,, P,, and P, be
b-saturated and complete sets. If the sets P, , P,, and
Py, are odd, then C, = P, U B, B, B, By, Bn,By, is
a complete cap, where P, = U2, A;, n = 3% n; and
niy, ng2, N3, N4, N5, Ng are any integers.

To construct large b-saturated P, -sets we need the
following combinatorial problem.

Problem. Let S = {ay, as,..., a,} be a finite set and
A C S is any subset of the set S. Assume that the weight of
the subset A C S is 2714l and denote by w(A). Find such a

set B ={A;, As,..., A} of the subsets of S satisfying the
following three conditions:

1) for any two distinct subsets A;, A; € B, A;NA; #0,
where 1 < 4,5 < m,

2) for any triple of distinct subsets 4;, A;, A € B, there
is an element a; € S, such that a; belongs to two of
them, say a; € A;, a; € A;, but a; ¢ Ay, where 1 <
i,5,k<m, 1<Il<mn,

3) > w(A4;) is maximal.

Assume that the set B = {41, Aa,..., A, } satisfies the
above three conditions. To construct a P,-set, each subset A;
can be matched to the set of the points X; C AG(n, 3) in
the following way: if a; € A; then the i -th coordinate of all
points of X; takes O value, otherwise b, where 1 < j < m,
1<¢<nandb=1,2. Itis obvious that UT" X is a P,-set.
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