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Abstract—The problem of logarithmically asymptotically opti-
mal hypothesis testing for a continuous random variable (CRYV)
is considered. It is assumed that )/ continuous probability
distributions (CPDs) are known, and the object described by
the CRYV follows one of them.

This problem, in the case of discrete probability distributions,
was introduced and extensively studied in [1].

In this paper, a quantization method is applied to continuous
distributions. Some known results are generalized and reformu-
lated for the continuous case.
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I. INTRODUCTION

The classical problem of statistical hypothesis testing in-
volves two hypotheses [2]. A statistical decision procedure
used to test hypotheses is called a fest. The probability of
incorrectly accepting one hypothesis instead of the other is
known as the error probability.

We consider the case of a sequence of tests in which the
error probabilities decay exponentially as 2=V, where N is
the number of observations (i.e., the sample size) and F is the
exponent of the error probability, called reliability.

The aim of this line of research is to determine the optimal
functional relationship between the error exponents of the
first and second kinds of errors. Such optimal tests were first
studied by Hoeffding [3], and later by Csiszar and Longo [4],
Tusnddy [5], [6], Longo and Sgarro [7], Birgé [8] (who
introduced the term logarithmically asymptotically optimal, or
LAO), among others. Several authors [6], [9], [10] have also
used the term exponentially rate optimal (ERO) to refer to this
notion of testing.

Let X be a CRV taking values in a continuous set A
Assume that the CPDs P, Ps, ..
corresponding probability density functions (PDFs) be denoted

., Py are given and let the
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by gm, m=1,...,M.Letx = (z1,22,...,2zN) be a random
sample. Based on this sample, the statistician must make a

decision among the following hypotheses:

HllXNPh HQIXNP27 ey H]wZXNP]w.

We approach the solution of this problem by referring
to Haroutunian’s result [1], proved in the case of discrete
probability distributions using the Csiszar—Korner method of
types. To apply the same technique in the continuous setting,
we begin by quantizing the given CPDs.

Consider the partition —co < a1 < ag < --- < ag < 400
of the set X'. Let us define the quantization points Xrp =
{c, }2_,, where each c, is a representative point in the interval
(ar,ar41) (for example, the midpoint).

We define the quantized probability distributions (PDs) GZ |

m = 1, M, on the finite set X'z, corresponding to the PDFs
Gm., by

art1
GE(e,) = / gm(u)du, forr=1R—1, where

Qp < Cp < Qpyq,

ai

GE(cp) = EIP gm(u) du,
b

GE(cr) = lim gm(u) du.
b—+o0 an

We assume that the PDFs g, coincide with each other
only at a finite number of points. Then, by choosing the
partition size R sufficiently large, we can, without loss of
generality, assume that all discrete probability distributions
GE are distinct.

For a sample x = (z1,29,...,25), We construct the
(zft 2B, .. 2R,
where each quantized observation is defined by zf = ¢, if

corresponding quantized sample xf? =

ar < Ty < Gpy1.

182



For each fixed R, we consider a decision-making procedure
in the form of a non-randomized test (™) which is defined
by a partition of the sample space X }]%V into M disjoint subsets.

A(N R)

)=1,1=T1,1M}.

The set .AZ(N’R)
the hypothesis H*

contains all vectors x% € X IJ%V for which

cGE = GlR is adopted. Therefore,

G (N R) H GR
So, the probability al(lj:fr;R) = al(‘]X;R)(cpNvR) of the erro-

neous acceptance of the hypothesis H/® provided that HE is

true is
N.R
Qo) _
|m

= > GYREN, 1#£m.

xRE.Al(N )

G(N R) (A(N R))

We will use the following definition for the probability of

rejection of the hypothesis HXX, when it is true, as

> o

l#m

(N,R) &
(67
m|m

(N,R)
llm >

and will consider the error probability exponents, which are
also called reliabilities.

(N,R) & 17
_ngnooﬁloga”m E”m >0, mil=1M.
It is known that
Eﬁ‘m = minEl}fm.
l#m
The matrix EF = {Ef} (¢ R)} is called the reliability matrix

of the sequence of tests ¢’

If we consider a discrete random variable defined on finite
sets, we will use the same notation as above, omitting the
index R for all corresponding quantities.

II. GENERALIZATION OF SOME RESULTS
We generalize the concept of reliability for the contin-

uous case in the following way:

Ejn 2 lim ER m 1 =1, M.
‘ R— o0 lim

We will use the (Kullback - Leibler) divergence D(G||Q)
for discrete probability distributions (PDs) G and @), as usual
[12], [13]:

D(IQ) = 36w g

and for PDFs f and g, the notation K(f | g) f flogf.

We now formulate and prove the main theorem of this
article, the application of which will solve the proposed
problem.

Theorem: Let F® and G be the R-quantizations of
the PDFs f and g, respectively, and suppose that the Kull-

back—Leibler divergence K (f || g) < oo. Then
D(F™ || G") » K(f | 9), as R— oc.

Proof: By the mean value theorem, there exist values c{
and cJ such that

FR(c,) = f(c)Ar and GE(c,) = g(c?)Ag.
The divergence of the quantized versions is
D(FR H GR ZFR c 1 og R(CT‘)
TG (e)
s DAR < f(el)
= cHARlo fler)Ar = ¢/ )Agrlo z
;_Of( r) R gg(C?)AR ;f( ) R 10g (Cg)

Then, from the inequality

min Zf ARlogng(FR | GF)

ce{cl,ed} 1) g(c
< max Z fle)Agrlog Q
ce{cr }T 0 ( )

and since K(f || g) < oo, the function under the sum is

Riemann integrable, so
f(e)
g(c)

is a Riemann sum that approximates K (f || g). Hence, it
follows that

R
Z f(e)Aglog
r=0

D(FR | G® - K(f || g), as R— ooc.

So, the theorem is proved.

III. LAO TESTING OF MANY HYPOTHESES FOR
CONTINUOUS OBJECT

In this section, we consider the LAO hypothesis testing
problem in the context of R-quantization.

A sequence of tests o™ is said to be logarithmically
asymptotically optimal (LAO) if, for the given positive values
of the first M — 1 diagonal elements of the matrix E(¢%*),
the remaining elements achieve their maximal possible values.

Let N(z|x) be the number of repetitions of the element

T € Xg in the vector x € XY, and let

Qxr = {N(z|x)/N,z € Xr}
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be the empirical distribution (type) of the sample x.

For the given positive diagonal elements
E1|1’E2|2’ .. .,Eﬁ_llM_l of the reliability matrix, we
consider sets of PDs

A —
={Q": DQM|G") < Efi}, 1=1,M -1, (1)
A

m ={Q": DG > Ejy, 1=1,M-1} ()

and define the values for the elements of the future reliability
matrix of the LAO tests sequence as follows:

Efr =Efr(ER)2ER, 1=M -1, 3)
El\m El\m(El}fi) = Q’%relng‘ DQ"Gy), m=1,M,
m#l 1=1,M—1, 4)
EM|m = EM\m(E1|1a - '7E1\13[—1|JVI—1)
N -
= Qng?sz D@QMGR), m=1,M -1, (5)
EM|M = EM\M(Emv .- 'aEJ@—HM—l) = I Ilnﬁl 1EM|Z
(6)

Thus, we can reformulate Haroutunian’s theorem, the re-
sult of which provides the optimal relationships between the
reliabilities.

Theorem [1]: If the distributions Gfl are distinct, that is, all
Kullback-Leibler divergences D(GF || GR) for 1 £ m, l,m =
1, M, are strictly positive, then the following two statements
hold:

a) If the given numbers EE  EI

R .
11 Bajar - EM_HM_1 satisfy

the conditions

0 < Eff; < min D(GI||GT), (7)
1=2,M

0< EfY,y <minl_min_Bf(Bf), min D(GFIGH),
m=2 M -1, (8)
for all R, then there exists an LAO sequence of tests ©™* such

that the elements of its reliability matrix E(p*) = {El‘m}
defined in (3)—(6), are all strictly positive.

b) Conversely, if even one of the conditions (7) or (8) is
violated, then the reliability matrix of any such test contains

at least one zero element.

IV. CONCLUSION

In this paper, a suitable hypothesis testing strategy is
discussed for the model of one object with A known
CPDs. The optimal relationships among the reliabilities are
established.
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